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Abstract 

Accurate real-time Origin-Destination (O-D) demand estimation is critical for development of Advanced Traveller Information 

Systems (ATIS) as well as Advanced Traffic Management Systems (ATMS). Traditional O-D estimation techniques typically pose 

it as optimization problems involving offline calibration of O-D priors from historical data and updating these prior based on real-

time data sources such as link counts, link travel times and Global Positioning System (GPS) probe data. However, two major 

drawbacks have emerged from this approach. Firstly, the generation of effective priors requires extensive population data with high 

temporal sampling frequency. Such data is generally hard to obtain and process with low memory and compute power. Secondly, 

the optimization problems proposed are often non-convex in nature. Therefore, convergence to an optimal solution is not 

guaranteed. Moreover, the algorithms suggested don't scale well with increase in the size of the transportation network. In order to 

tackle these challenges, we first generate priors through a convex optimization framework by Wu et al. (2015) for O-D estimation 

in quasi-static settings from cell phone Call Detail Records (CDRs). We extend this approach to a completely dynamic setting by 

utilizing real-time link counts and link travel times through an Entropy Maximization framework proposed by Janson et al. (1992). 

Approximate solution to the traffic assignment sub-problem is also achieved from Wu et al. (2015). We test this procedure for 

estimating commute demand for a simplified freeway network representing nine counties of the San Francisco Bay Area. We 

estimate demands for 2,916 O-D pairs for three hours at five-minute intervals, making it a 104,976 dimensional problem. We 

analyze the spatio-temporal distribution of errors, the effects of wider cell-phone coverage and updating estimates over time. 

Results indicate that an increase in cell-phone coverage from 0% to 100% leads to a reduction in average Root Mean Squared Error 

(RMSE) from 15.7 to 7.2 while updating estimates also leads to reductions in RMSE when O-D demand is high. 
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1. Introduction 

Accurate knowledge of travel demand is essential for most transportation planning as well as traffic control 

operations. Origin-Destination (O-D) demand may contain clues towards critical high-level information such as peak 

hour times, spatial distribution of activities, likely congestion patterns among several other traffic characteristics. As 

a result, O-D demand estimation has received considerable attention over the last 30 years. Reviews of various 

techniques that have been employed for O-D matrix estimation can be found in Abrahamsson (1998), Bera and Rao 

(2011), F. M. O. Neto et al. (2016) and A. R. P. Neto, F. M. O. Neto, and Loureiro (2017). Two broad categories of 

O-D demand estimation are static, where the estimates for the entire time frame are derived offline with no updates 

due to incoming data (Zhang, Osorio, and Flötteröd, 2017), and dynamic, where the estimates are updated with 

incoming data (Okutani and Stephanedes, 1984; Ashok and Ben-Akiva, 2000). In this paper, we propose a technique 

to dynamically update O-D estimates with incoming data and also demonstrate how the error in estimates reduces as 

updates are made.  

 

The key challenge for O-D estimation is that the problem is highly underspecified (i.e. the number of variables far 

exceeds the number of constraints or equations available) (A. R. P. Neto, F. M. O. Neto, and Loureiro, 2017). As a 

result, solving for the O-D estimates closest to the true values typically involves minimizing metrics which capture 

deviation from certain observations on a transportation network as well as explain the traffic flow phenomena. The 

most commonly used observation is link level traffic counts. Seminal work by Cascetta and Nguyen (1988) proposed 

a general optimization problem formulation for such an approach which was later formalized by Yang, Lu, and Hao 

(2017)  as follows: 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝐷    𝐹1(𝐷, �̂�) + 𝐹2(𝐶, �̂�) 

𝑠. 𝑡.               𝐶 =  𝐴(𝐷) 

              𝐷 ∈ Ω                                                                                        (1) 

where, 𝐷 and �̂� are the estimated and prior O-D demand matrices respectively, 

𝐶 and �̂� are the true and estimated link flow vectors, 

𝐴 is an operator that relates the estimated O-D demand and true link counts, commonly through traffic assignment, 

𝐹1 and 𝐹2 are distance operators and  

Ω is the feasible region for 𝐷. 

 

Based on the formulation of the problem, O-D estimation can be deterministic, such as Entropy Maximization 

(Zuylen and Luis G. Willumsen, 1980; Janson and Southworth, 1992) or probabilistic. Common probabilistic models 

used in the past include Generalized Least Square (GLS) such as Cascetta (1984) and Yang, Lu, and Hao (2017), 

Maximum Likelihood estimation such as Spiess (1987) and Bayesian inference such as Maher(1983). The common 

criticism faced by purely deterministic models is that they don't account for the possibility of noise in observations (L. 

Willumsen, 1984) and that such a formulation assumes consistency between the equations developed even when the 

data is very sparse e (F. M. O. Neto et al., 2016). Another criticism is that of fixed route choice probability matrices 

which don't account for heterogeneity in users or change in traffic conditions during a trip. With probabilistic models, 

the criticism is the common assumption of O-D demand and traffic volumes following Poisson distribution, which is 

susceptible to overdispersion (i.e. variance exceeding the mean) (Hazelton, 2003). Some papers propose a Gaussian 

distribution assumption which lead to a very high number of covariance parameters, especially in dynamic settings 

(Pitombeira-Neto, Loureiro,and Carvalho, 2016). Common route choice models in this procedure involve Multinomial 

Logit (Ben-Akiva,Lerman, and Lerman, 1985). But since the choice set for individuals is often unknown, the 

Independence of Irrelevant Alternatives (IIA) assumption can get violated (Cheng and Long, 2007). In this study, we 

propose a hybrid formulation which contains an Entropy Maximization part and a probabilistic part and aim to mitigate 

the limitations of past models. The Entropy Maximization formulation is based on the assumption that in the absence 

of any constraints imposed due to daily activity schedules, individuals would like to spread their trips over space and 

time as much as possible in order to face minimum congestion impacts. In order to reduce noisy observations, we 

include observations from multiple data sources and also conduct sensitivity analysis with regards to noise in the 

observed data. We update the proposed model and route choice estimates dynamically at short time intervals in order 
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to incorporate possibilities of new routes emerging over time as well as the possibility of change in route choice 

probabilities for an individual during a trip. Another modification is the use of Kullback–Leibler divergence (KL-

divergence) to model the deviation from prior O-D estimates instead of the common probabilistic methods such as 

GLS, Maximum Likelihood and Bayesian Inference. This is because GLS, similar to L2 norm based loss functions, is 

well-known to be heavily influenced by outliers whereas Maximum Likelihood and Bayesian Inference force a 

predefined probability distribution on the O-D flow or traffic volumes, which may not be realistic. K-L divergence 

also represents the relative entropy or the information gain between the prior estimate and the current estimate. This 

gives more intuitive meaning to the formulation.  

 

Finally, we discuss the various data sources used to perform O-D estimation. Link level traffic counts and speed 

estimates can be obtained from sensors buried under the road. However, such data is usually very sparse and typically 

only available on freeways. Therefore, recent studies for O-D estimation use several other data sources such as split 

ratios at intersections (Veeraraghavan, Masoud, and Papanikolopoulos, 2003), vehicle plate scanning (Castillo, 

Menendez, and Jimenez, 2008; Castillo, Jimenez, et al., 2013), probe trajectories (Yang, Lu, and Hao, 2017). In this 

study, we depend on three main data sources for O-D estimation - (i) cell-phone Call Detail Records (CDRs) (Becker 

et al., 2011) (ii) real-time travel time Application Program Interfaces (APIs) (Wang and Xu, 2011) and (iii) link counts 

(Zuylen and Luis G.Willumsen, 1980; Janson and Southworth, 1992). We build on the Entropy Maximization 

framework developed by Janson and Southworth (1992) for estimating static O-D matrices from link count data. We 

extend the formulation to estimate O-Ds dynamically along with a prior O-D estimates in order to ensure that a “fall-

back” exists in case sufficient data is unavailable. In past studies, travel surveys were used to determine prior estimates 

of O-D matrices. This data collection was often expensive and had low sampling frequency. Instead, we use cellular 

data to obtain prior O-D estimates which are updated at very high frequency (in the order of a few minutes). Cellular 

data can be partitioned into cells based on the nearest cell towers (Wu et al., 2015; Baert and Seme, 2004; Yin et al., 

2017). CDRs contain information about cells through which each data transmission is performed and their 

corresponding times. As a result, by tracking CDR data while an individual is in motion, we can obtain a proxy for the 

possible route taken up to the granularity of the nearest cell tower. This data has been used to determine route flows 

in Wu et al. (2015) as well as complete activity chains in Yin et al. (2017). We utilize CDR data as well as real-time 

travel time APIs in order to develop the route choice probability matrix which may be updated as more data becomes 

available. We develop a framework which is scalable and guarantees convergence by ensuring that the optimization 

problems solved are always convex in nature. We demonstrate the scalability by solving 104,976 dimensional problem 

at five-minute intervals and show the  accuracy gain due to the dynamic updating of the model. 

 

In the following sections, we first provide a mathematical overview of the problem. Next, we describe the static O-

D estimation problem posed by Janson and Southworth (1992) and how the proposed approach overcomes some of its 

shortcomings. We provide the algorithm employed with route flow estimation sub-routine (Wu et al., 2015). We test 

the framework for estimating home-work and work-home O-Ds for a simplified freeway network representing the San 

Francisco Bay Area. Analysis is performed regarding the spatio-temporal distribution of errors, the effects of wider 

cell-phone coverage and updating estimates over time. 
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2. Problem Overview 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Assume that a road network graph G = (𝒱, 𝒜) is divided in Z zones such that each each ith street link lies exactly 

within its (single) zone z. The objective here is to estimate the Origin-Destination (O-D) demand matrix in real-time. 

The O-D demand values during a time interval t are represented as entries in a |Z|2 dimensional vector D(t) where the 

element labelled [D]zz′(t) represents the number of individuals leaving zone z and travelling towards zone z' during 

time interval t. 

 

The following data sources are assumed to be available: 

 

i. At the link level, complete information is assumed about the total number of individuals crossing link i 

during each time interval t'. These values are represented through elements of vector[C]i(t). This is an 

aggregation of individuals whose trips could have originated in any zone z̃ headed towards any zone z ′̃ 

and at any time interval t′̃ ≤ t′. The dimensionality of such a vector is |𝒜|. Typically, this information is 

available from sensors installed inside the roads which detect the passage of any vehicle. 

 

ii. Partial knowledge is assumed about the number of individuals in zone z at the end of each time interval t. 

These values are represented as elements of a |Z| dimensional vector [D̃]
z
(t). This is a lower bound of the 

total number of individuals present in zone z at the end of time interval t. Typically, this information is 

available from aggregated cell phone Call Detail Records (CDRs) up to the granularity of the nearest cell 

phone tower. 

 

 

iii. It is also assumed that perfect knowledge is available regarding link travel times, TT(t), across the whole 

network at any instance. The dimensionality of such a vector is |𝒜|. Typically, this information can be 

extracted from travel time APIs for navigation apps. 

Figure 1: Problem Overview For Dynamic Origin-Destination Demand Estimation - The goal is to estimate the number of individuals 

departing zone z and travelling towards zone z’ during time interval t, defined as [𝐷]𝑧𝑧′(𝑡) 
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3. OD Estimation Problem Formulation And Proposed Approach 

3.1. Traditional Approach 

Janson and Southworth (1992) proposed an Entropy-Maximization approach for estimating the O-D matrix from 

link counts. The general hypothesis behind this approach is that in the absence of any constraints regarding desired 

activity schedules, the trip departure choice of individuals is likely to be “spread-out” over space and time, thus 

minimizing traffic congestion. Janson and Southworth (1992)  claim that this hypothesis holds even in the presence 

of constraints imposed by desired activity schedules with a minor modification. In presence of such constraints, 

individuals are likely to choose departure times that are as "spread-out" as possible while ensuring that the desired 

activity schedules of all individuals are met. The state of departure time choices may be represented with the help of 

the entropy of the distribution of number of departures over space and time. As a result, the problem of estimating the 

number of departing individuals from any zone z towards any other zone z' can be expressed as the problem of 

maximizing this entropy of the system in the presence of constraints imposed by desired activity schedules. However, 

since activity schedules of individuals are not directly observable, they propose the use of a proxy which captures 

such behavior. The proxy chosen here is that of link counts on certain links in the network. These link counts combined 

with the structure of the road network provide a rough estimate of the times of the day and locations with high/low 

activity concentrations. The overall problem formulated by Janson and Southworth (1992) is as follows: 

 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒{𝐷(𝑡)}𝑡∈𝑇
∑ −𝐻(𝐷(𝑡))

𝑡∈𝑇
 

𝑠. 𝑡.      ∑ 𝑃(𝑡′, 𝑡)𝐷(𝑡)
{𝑡∈𝑇}

 =  𝐶(𝑡), ∀   𝑡′ ∈ 𝑇                       (2) 

 

where, H represents the Entropy function defined by: 

H(x) = ∑{xi

n

i=1

∗ log(xi) − xi},     n = card(x)                                                        (3) 

[D]zz′(t) represents the number of departing individuals from zone z to zone z' during time interval t  

[P]i,zz′(t′, t) represents the probability that a trip departing zone z to zone z' during time interval t uses link i during 

time interval t'. 

 

In order to solve the optimization problem stated above, the entries of matrix P(t',t) must be first estimated. Janson 

and Southworth (1992) suggested solving a Dynamic Traffic Assignment (Merchant and Nemhauser,1978) as a sub-

routine for estimating the link-choice probability matrix P(t',t). This involves approximately solving the a non-convex 

optimization problem described below to estimate the number of individuals departing zone z during time interval t, 

heading towards zone z' and arriving at link i at time interval t' represented as entries of matrix [𝒟]i,zz′(t′, t). The 

algorithm proposed for solving DTA aims to find an equilibrium condition wherein no individual can change his/her 

path and reduce the time that he/she takes to reach the desired destination. The problem is formulated as: 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝐷𝑗(𝑡′,𝑡) ∑ ∑ 𝜑(𝐴𝐷𝑗(𝑡′, 𝑡))
𝑗 𝜖 𝑍 𝑥 𝑍(𝑡′,𝑡)𝜖𝑇𝑥𝑇

 

s. t. ∑ ∑ 𝐴𝐷𝑗(𝑡′, 𝑡)
𝑗 𝜖 𝑍 𝑥 𝑍(𝑡′,𝑡)𝜖𝑇𝑥𝑇

= 𝐶(𝑡), ∀𝑡′ ∈ 𝑇                          (4)  

 

where,  

[𝐴]𝑖,𝑧𝑧′ = {
1,   𝑖𝑓 𝑙𝑖𝑛𝑘 𝑖 𝑙𝑖𝑒𝑠 𝑎𝑙𝑜𝑛𝑔 𝑠ℎ𝑜𝑟𝑡𝑒𝑠𝑡 𝑝𝑎𝑡ℎ (𝑜𝑟 𝑙𝑒𝑎𝑠𝑡 𝑑𝑖𝑠𝑢𝑡𝑖𝑙𝑖𝑡𝑦 𝑝𝑎𝑡ℎ) 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑧𝑜𝑛𝑒 𝑧 𝑎𝑛𝑑 𝑧′,

0,   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  

𝐷𝑗(𝑡′, 𝑡) represents the jth column of D(t',t) 
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𝜑 is a non-convex function dependent on the travel utility of individuals. 

 

After estimating the entries of the matrix D(t',t), the entries of the matrix P(t',t) may be estimated by calculating 

frequency ratios as follows: 

[P]i,zz′(t′, t) =
[D(t′, t)]i,zz′

∑ [D(t′, t)]i,zz′i∈𝒜

                                                                                   (5) 

 

However, the traditional approach suffers from the following shortcomings: 

i. Since the DTA problem is non-convex, the solutions are only guaranteed to be local minima. There is no 

approximation guarantee on the values of [D]i,zz′(t′, t) estimated by the DTA solver as compared to the 

corresponding optimal values [D∗]i,zz′(t′, t). As a result, the estimated values of [P]i,zz′(t′, t) may not be 

accurate. 

ii. Moreover, there is also no approximation guarantee on the distribution of estimated values of [D]i,zz′(t′, t) 

over space and time. This may significantly affect quality of the estimated matrix P(t',t) and in turn may 

significantly affect the estimated O-D values D(t). 

iii. It assumes that the individuals maximize their utility based on complete information about the network. 

But it has since been shown that this condition doesn't hold in practice (Vlahogianni, Karlaftis, and Golias, 

2014). 

iv. The decisions taken by individuals cannot be modified once their trip has begun. However, in practice, 

this is not true. Due to the use of Advanced Travel Information Systems (ATIS), there is dynamic decision 

making regarding the route choice of individuals (Pillac et al., 2013). Also, location choice for secondary 

trips such as shopping might also be dynamic (Horni et al., 2009). 

 

3.2. Proposed Approach 

The traditional problem formulation for static O-D demand estimation is extended with the help of real-time data 

sources, namely Call Detail Records (CDRs) and travel time APIs. The following extensions are proposed: 

 

1. Adding partially observed departure constraints: 

 

The total number of trips departing from zone z in time interval t is greater than or equal to the difference of the 

number of observed individuals in zone z at the end of time interval (t-1) and the number of observed individuals at 

the end of time interval t. This data is known from Call Data Records (CDRs). It may be represented by the following 

constraint: 

 

[𝐷]𝑧𝑧′(𝑡) ≥ max{[D̃]
z
(t − 1) − [D̃]

z
(t), 0}                                                              (6) 

where, [�̃�]
𝑧
(𝑡) represents the number of observed individuals in zone z during time interval t 

 

2. Estimation P(t',t) via data-driven approach: 

 

A data-driven estimation of the value of P(t',t) is proposed via formulation of Quadratic Program (QP) and using 

network-wide link travel times. The approach is described as follows: 
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• QP Formulation: 

 

First, it involves formulating a QP problem based on Wu et al. (2015). This optimization problem aims to estimate 

the number of individuals traveling along any given route r in the network during a specified time interval t. This may 

be represented as elements of a vector Γ(t). Typically, the dimensionality of this matrix might be very large. However, 

Wu et al. (2015) showed through experiments in downtown Los Angeles that nearly 95% of all trips were covered if 

only the top 50 routes between each O-D pair were considered. Such a distribution of route choices between each O-

D pair is hypothesized to be true in most large cities. Therefore, we may only consider a constant M number of trips 

between each O-D pair. Thus, the dimensionality of vector Γ(t) reduces toM|Z|2. The proposed approach assumes the 

availability of individual-level data in a form of a cellpath, c, defined as a time-stamped sequence of discrete regions 

within which a user can be located during a trip. It is a common format of mobility data available from cellular network 

carriers and IT service providers. For this approach, we assume that the area covered by the road network is divided 

in C such cell paths. The problem formulation is as follows: 

 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒Γ(𝑡)     
1

2
||�̃�Γ(𝑡) − 𝐶(𝑡)||

2

2

 

s. t.             UΓ(t) = F(t) 

           Γ(t) ⪰ 0                                                                                      (7) 

 

where, 

[�̃�]
𝑖,𝑟

= {
1,    𝑖𝑓 𝑙𝑖𝑛𝑘 𝑖 𝑙𝑖𝑒𝑠 𝑎𝑙𝑜𝑛𝑔 𝑟𝑜𝑢𝑡𝑒 𝑟

0,     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

 

[U]c,r =  {
1,    𝑖𝑓 𝑐𝑒𝑙𝑙𝑝𝑎𝑡ℎ 𝑐 𝑖𝑠 𝑐𝑜𝑣𝑒𝑟𝑒𝑑 𝑏𝑦 𝑟𝑜𝑢𝑡𝑒 𝑟

0,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

 

[F]c(t) = total number of observed individuals along cellpath c during time interval t 

 

• Reduction To Least Squares: 

 

The QP formulation can be further reduced to a least squares formulation. The constraint in equation (7) can be re-

written as: 

UΓ(t) = F(t) 

⟺ ∑ [Γ(t)]r∗̂

r∗̂∈Rc

= [F]c(t), ∀c ∈ C                                                         (8) 

where, 

Rc = subset of routes along cellpath c 

 

Here, note that Rc is a disjoint set since each route has at most 1 cellpath associated with it. Suppose route r∗̂ has 

associated cellpath ĉ. Then, the following change of variables can be applied: 

 

[Γ̃]
ĉ
(t) = [F]ĉ(t)                                                                                    (9) 
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Therefore, the problem can be reduced to least squares as follows: 

 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒Γ̃(𝑡)

1

2
||�̃̃�(𝑡)Γ̃(𝑡) − 𝐶(𝑡)||

2

2

 

s. t.   𝟏TΓ̃(t) = 1 

Γ̃(t) ⪰ 0                                                                                      (10) 

 

[Ã̃]
i,c

(t) = {
[𝐹]𝑐(𝑡), 𝑖𝑓 𝑙𝑖𝑛𝑘 𝑖 𝑙𝑖𝑒𝑠 𝑎𝑙𝑜𝑛𝑔 𝑎𝑛𝑦 𝑟𝑜𝑢𝑡𝑒 𝑟 𝑤ℎ𝑖𝑐ℎ 𝑐𝑜𝑣𝑒𝑟𝑠 𝑐𝑒𝑙𝑙𝑝𝑎𝑡ℎ 𝑐

0,    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  

 

Wu et al. (2015) then propose solving the least squares problem by eliminating equality constraints by a technique 

discussed in Boyd and Vandenberghe (2004), Section 4.2.4 and then applying accelerated gradient descent to find the 

optimal value Γ∗(t). 

 

• Estimating route choice probability matrix P̃(t): 

 

It may be noted that each route r has at most one associated departing zone z and one associated arrival zone z'. 

Therefore, the solution to the least squares problem can be used to calculate the route choice probability matrix (i.e. 

probability of taking route r for an individual departing zone z and traveling to zone z') as follows: 

 

[P̃]
zz′,r

=
[Γ∗(t)]r

∑ [Γ∗(t)]
r′̃r′̃∈Rr

                                                              (11) 

where, 

Rr = subset of routes departing zone z and arriving at zone z'. 

 

• Estimating link departure time incidence matrix Â(t′, t): 

 

Real-time information about network-wide link travel time can be used to derive a matrix storing the probability 

of a trip departing along route r during time interval t to reach link i at time interval t'. Therefore, we have: 

 

[Â]
r,i

(t′, t) = {
1,    𝑖𝑓 𝑙𝑖𝑛𝑘 𝑖 𝑙𝑖𝑒𝑠 𝑎𝑙𝑜𝑛𝑔 𝑟𝑜𝑢𝑡𝑒 𝑟 𝑎𝑛𝑑 𝑡𝑟𝑎𝑣𝑒𝑙 𝑡𝑖𝑚𝑒 𝑙𝑖𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 (𝑡′ − 𝑡)

0,   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
              (12) 

 

• Representing P(t',t) as a product of two estimated matrices: 

 

The probability matrix P(t',t) can be estimated as a product of the two matrices estimated in the previous two steps 

as follows: 

 

[𝑃]{𝑖,𝑧𝑧′}(𝑡′,𝑡) =  ∑ �̃�𝑧𝑧′,𝑟(𝑡) ∗ �̂�𝑟,𝑖(𝑡′, 𝑡)
𝑟 ∈𝑅

 

⇒ P(t′, t) = P̃(t) ∗ Â(t′, t) 

 

where, R = set of all routes that are analyzed in the network 
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3. Addition of prior OD estimates from Wu et al. (2015): 

 

Wu et al. (2015) assume a quasi-static setting where flows are constant along each route and propose a convex 

optimization framework which makes use of cell phone CDRs in order to estimate route flow. While the quasi-static 

assumption may not always hold true for time-varying networks, it does provide a prior estimate for ODs which may 

be utilized as part of the Entropy Maximization framework. A KL-divergence term between the prior and estimated 

ODs is introduced in the objective function in order to penalize heavy discrepancy from prior estimates. A 

hyperparameter term ν is introduced to determine the relative weight given to the KL-divergence term. This term 

depends on the accuracy of the prior OD estimates which in turn depends on the validity of the quasi-static assumption. 

The value of this term for a given scenario is determined through cross-validation. The new objective function is as 

shown below: 

 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒{𝐷(𝑡)}   ∑ 𝜈𝐷𝐾𝐿 (𝐷(𝑡), �̂�(𝑡)) − 𝐻(𝐷(𝑡))  
𝑡

                                                 (13) 

 

where, DKL(a, b) = KL-divergence between the distributions of vectors a and b 

D̂(t) = ∑ [Γ∗(𝑡)]
𝑟 ′̃𝑟 ′̃∈𝑅𝑟  (where Γ∗(t) and Rr are as described in equation (10)) 

ν = hyperparameter for relative weight between the KL-divergence term and Entropy term 

 

3.3. Overall Problem Formulation 

 

The overall optimization problem is formulated as follows: 

 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝐷(𝑡)  ∑ 𝜈𝐷𝐾𝐿 (𝐷(𝑡), �̂�(𝑡)) − 𝐻(𝐷(𝑡))  
𝑡 ∈ T

 

s. t. ∑ P(t′, t)D(t)

t ∈ T

= C(t′), ∀t′ ∈ T 

[𝐷]𝑧𝑧′(𝑡) ≥ 𝑚𝑎𝑥[�̃�]
𝑧
(𝑡) − [�̃�]

𝑧
(𝑡 − 1), 0 

 

where, 𝜈, �̂�(𝑡) and P(t',t) are estimated using the data-driven approach described above 

 

3.4. Proposed Algorithm 

 

The overall algorithm proposed for dynamic OD estimation is as follows: 

 

 
 Algorithm For Dynamic OD Estimation 

 

  

Require: 

• Set of all OD pairs zz' 

• Set of all relevant cellpaths c 

• Set of all relevant routes r 

• Road network graph G 

• Link counts at uniform time intervals C(t) 
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At each time step t: 

1. For each route r, find corresponding cellpath c 

2. For each route r, find set of links i along route and populate matrix �̃̃�(𝑡) 

3. Solve LS problem (9) and apply change of variables from (8) to obtain route flow Γ(𝑡) 

4. Estimate departure time link incidence matrix �̂�(𝑡′, 𝑡) from equation (11) 

5. For each OD pair zz': 

a. Estimate route choice probability [�̃�]𝑧𝑧′,𝑟(𝑡) using equation (10) 

b. Estimate link use probability [𝑃]𝑖,𝑧𝑧′(𝑡′, 𝑡) using equation (12) 

c. Obtain partially observed departures from CDR data ∑ [𝐷]𝑧𝑧′(𝑡)𝑧′∈𝑍  

6. Solve convex optimization problem in equation (14) to obtain OD estimate D(t) 

Repeat 1-6 for �̂� = 𝑡 − ℎ and update𝐷(�̂�); if no significant change observed, then break. 

 

4. Experimental Results 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Experiments were conducted for the test network described in Figure (2) with simulated data generated for home-

work and work-home trips. The activity initial plans were generated using the mean start time and duration of trips 

was 8.5 hrs and 1 hr respectively. Then, equilibrium demand patterns were determined by running simulations on 

agent based traffic simulation software MATSim. The ground truth O-D patterns were recorded and compared to O-D 

estimation using the proposed algorithm (see section 3.4) with updates made every 5 minutes. The accuracy of 

estimates was determined using RMSE values between ground truth O-Ds and estimated O-Ds. In order to formulate 

the partially observed departure constraints in simulated setting, it is first assumed that partially observations follow 

Figure 2: Test network for Proposed Dynamic O-D Estimation Algorithm 
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a uniform distribution in the range of [0,
𝐶𝐷𝑅 𝑐𝑜𝑣𝑒𝑟𝑎𝑔𝑒

100
∗ 𝑇𝑟𝑢𝑒 𝑑𝑒𝑝𝑎𝑟𝑡𝑢𝑟𝑒 𝑐𝑜𝑢𝑛𝑡]. Then, the value of partial departure 

for each constraint is determined by sampling from this distribution. 

The following section describes the effect of variation in parameter 𝜈, the effect of quality of priors, the effect of 

partially observed departures through cell phone CDRs and the effect of updating predictions over time on the 

accuracy of OD estimates (Equation (14)). 

4.1. Tuning Of Hyperparameter $\nu$ Based On Quality Of Priors 

The first step is to tune hyperparameter 𝜈 in Equation (14) based on the validity of assumptions made by Wu et al. 

(2015), which in turn affects the quality of priors, �̂�(𝑡).  

 

For this analysis, the CDR coverage is assumed to 100 percent. Next, 𝜈 is tuned based on average RMSE values of 

demand across all O-Ds but only during peak demand hours. Finally, the amount of potential noise in the prior 

estimate, �̂�(𝑡),  is varied by assuming a Gaussian noise term. Thus, the value of a noisy prior may be represented as: 

 

𝐷�̂�(𝑡) = (�̂�(𝑡) + �̂�(t) ⊙ 𝜖)
+

,   𝜖 ∼ 𝒩(𝟎, Σ),   Σ = 𝜎 ∗ 𝐼                                      (15) 

 

where, ⊙ represents element-wise multiplication of vectors 

 

Here, we also impose a constraint that the prior OD estimates cannot be negative. Now, the value of 𝜎 is varied 

and the corresponding optimal 𝜈 is determined by minimizing the RMSE. The results are summarized in Figure (3). 

 

 

Figure 3: Variation of RMSE vs log(𝜈) for various values of 𝜎, 𝜈 as defined in Equation (16) 
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As per intuition, with more noisy prior estimates (i.e. higher value of 𝜎), the optimal value of 𝜈 for best estimates 

decreases since we have lower confidence on the priors. For 𝜎 = 0 and 𝜎 = 0.25, the RMSE is a decreasing function 

of 𝜈. This indicates that we don't require any further correction in prior estimates through link counts and partially 

observed departures. However, for 𝜎 = 0.5 and 𝜎 = 0.75, the optimal value for log(𝜈) is 3, which implies that the 

optimal value of 𝜈 is 1000.  

 

In real-world scenarios, the quality of prior estimates may be first evaluated by determining the accuracy percentage 

based on previously observed demand during peak hours. In case the accuracy is high (error <= 25%), there is no need 

to re-evaluate ODs. In case the accuracy is low, the optimal value of parameter 𝜈 may be determined using plots 

similar to those in Figure (3). 

4.2. Temporal Distribution Of Errors 

The temporal distribution of RMSE across a day is plotted in Figure (4) for 𝜈 = 1000 and 𝜎 = 0.5 for two scenarios: 

 

• With partially observed departure constraints 

• Without partially observed departure constraints 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The plot shows that addition of partially observed departure constraints helps in reducing the overall RMSE across 

all OD pairs during peak hours. Note that the feasible region for the case when partially observed departure constraints 

are added is smaller than the case when these constraints are not added. Therefore, the optimal objective value with 

partially observed departure constraints is at least as large as that without these constraints. However, the optimal 

Figure 4: Variation of RMSE vs time of day for 𝜈 = 1000 and 𝜎 = 0.5 
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value is closer to the ground truth. This is because ground truth observations are influenced by daily activity plans 

which may make the observed OD counts deviate from the entropy maximization estimate as well as the prior estimate. 

4.3. Spatial Distribution Of Errors 

Next, the spatial distribution of RMSE across all OD pairs averaged over the course of the day is plotted in Figure 

(5) for 𝜈 = 1000 and 𝜎 = 0.5 for two scenarios: 

 

• With partially observed departure constraints 

• Without partially observed departure constraints 

 

From both figures, it can be noted that since most errors lie along the diagonal, trips which originate and terminate 

in the same zone are not predicted accurately in either framework. This might be because the starting position of all 

trips is assumed to be at the centroid of each zone. Therefore, the probability matrix, P(t',t), does not incorporate the 

time required to reach the centroid of a particular zone as well as the possibility of trips never travelling through the 

origin centroid. These errors start to dissipate in trips involving separate origins and destinations since most of the 

travel time is spent on the freeway part of the trip and the inaccuracies during the trip start/end don't play as crucial a 

role. This problem may be rectified by updating the map to include a more detailed network. However, it must be 

noted that the number of constraints increases linearly with the number of links in the network where link counts are 

observed. 

 

It may also be observed that both frameworks tend to have higher errors when estimating ODs for trips with origins 

and destinations in the 38-44. These zones represent Santa Clara county where trip lengths and commute times are 

typically shorter than average in the Bay Area because most individuals residing here work in the nearby Silicon 

Valley (see http://www.vitalsigns.mtc.ca.gov/). As a result, it is harder to judge the origin/destination probability of 

vehicles observed on each link. 

 

Finally, it can be observed that there are more “light blue” regions in the heatmap for RMSE with partially observed 

departures. This indicates that errors are more evenly spread out across various zones when partially observed 

departure constraints are added. Without these constraints, the error is heavily concentrated on trips with origin and 

destination zone 39. This effect suggests that the addition of partially observed departure constraints prevent extremely 

Figure 5: Variation of RMSE over OD pairs averaged over entire day for 𝜈 = 1000 and 𝜎 = 0.5 

mailto:http://www.vitalsigns.mtc.ca.gov
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high errors, but may lead to small errors across multiple zones. This is a desirable property since congestion patterns 

typically depend on whether aggregate demand is greater than aggregate capacity in a particular zone. Therefore, large 

errors in even a few demands may lead to higher variation in congestion estimates as compared to small errors in a 

larger number of demands. 

4.4. Effect Of Updating Estimates Over Time 

In order to measure the effect of updating estimates of O-D as more information gets revealed over time, the change 

in average RMSE across all O-D estimates over time was studied. The value of 𝜈 and 𝜎 are set as 1000 and 0.5 

respectively and partially observed departure constraints are also included in the optimization framework. In Figure 

(6), the change in the RMSE for the O-D estimate across all zones at t = 540 mins and t = 545 mins (start of morning 

peak) is studied between t = 540 mins and t = 720 mins. Updates for estimates are made every 35 mins. As per 

intuition, the RMSE decreases with incoming information. The effect is more pronounced when the RMSE values are 

higher (as in the case of O-D estimates at t=545 mins). 

 

 

4.5. Effect Of Cell Phone Data Coverage 

The next experiment is to test the effect of cell phone data coverage on the quality of OD estimates. To mimic the 

effect of various amounts of cell phone coverage, it is assumed that partially observations follow a uniform distribution 

in the range of [0,
𝐶𝐷𝑅 𝑐𝑜𝑣𝑒𝑟𝑎𝑔𝑒

100
∗ 𝑇𝑟𝑢𝑒 𝑑𝑒𝑝𝑎𝑟𝑡𝑢𝑟𝑒 𝑐𝑜𝑢𝑛𝑡]. The value of 𝜈 and 𝜎 are set as 1000 and 0.5 respectively. 

The RMSE for OD estimates across all ODs is calculated for peak hours only. The variation of RMSE with cell phone 

coverage is displayed in Figure (7).  

 

As per intuition, the addition of more accurate partially observed departure constraints significantly reduces overall 

RMSE. It is also acknowledged that better CDR coverage may also improve the quality of priors, thus further 

improving OD estimates. Therefore, the plot below gives a lower bound on the potential improvements due to higher 

cell phone CDR coverage. 

 

Figure 6: Change in the RMSE for the O-D estimate across all zones with incoming information for 𝜈 = 1000 and 𝜎 = 0.5 –  

(a) RMSE at t = 540 mins with updates between t = 540 mins and t = 715 mins every 35 mins,  

(b) RMSE at t = 545 mins with updates 
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4.6. Effect Of Noise In Link Choice Probability Matrix 

The final experiment is designed to test the impact of noise in link choice probability matrix which may arise 

because of inaccurate predictions from travel time APIs, invalidity of the quasi-static setting assumption made by Wu 

et al. (2015) or insufficient sample of trips used for estimating P(t',t). In order to approximate the impact of noise in 

the data, we corrupt the estimated P(t',t) matrix using a Gaussian noise term. The noisy link choice probability matrix 

may be represented as: 

 

𝑃(𝑡′, 𝑡)𝑁(𝑡) = (𝑃(𝑡′, 𝑡) + 𝑃(𝑡′, 𝑡) ⊗ 𝜖)+,   𝜖 ∼ 𝒩(𝟎, Σ),   Σ = 𝜎 ∗ 𝐼 

 

where, ⊗ represents Hadamard product of matrices 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7: Change in the RMSE for the O-D estimate across all zones during peak hours with varying cell phone data coverage 

Figure 8: Change in the average RMSE for the O-D estimate across all zones during peak hours with varying noise in link choice probability matrix P(t',t) 
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Figure (8) displays the change in average RMSE across all O-D estimates during peak hours with the increase in 

𝜎. We can notice that the RMSE is quite sensitive to noise in the link choice probability matrix. However, with 

improvement in quality of the data provided through travel time APIs, we can expect to see large improvements in the 

quality of the O-D estimates. It is important to first analyze the quality of travel time data available and also the 

validity of the quasi-static assumption before making O-D estimates. Based on Figure (8), we can approximately judge 

the impact this is likely to have on the quality of estimated O-Ds. 

5. Conclusion 

This study provides a novel approach to the dynamic Origin-Destination (O-D) demand estimation problem through 

the incorporation of modern data sources such as cellular data and travel time APIs. The approach is aimed at solving 

two major limitations of existing techniques, namely the requirement of extensive high frequency population level 

data for generation of effective priors and the non-convex nature of the problem formulation which leads to lack of 

guarantees on the nature of the solutions achieved. Prior O-D estimates are derived from recent cell phone Call Detail 

Records (CDRs) through a convex optimization framework proposed by Wu et al. (2015). This approach has been 

shown to scale well with the size of the network and demands. Then, this framework is extended to a dynamic setting 

with the help of an Entropy Maximization approach proposed by Janson et al. (1992). Travel time APIs and CDRs are 

utilized for solving the traffic assignment problem and updating the route choice probability matrix dynamically. The 

overall framework thus involves only convex optimization problems which ensure convergence guarantees. Tests are 

conducted on an agent-based simulation of home-work and work-home trips on a simplified freeway network in the 

nine counties in the San Francisco Bay Area. The spatio-temporal distribution of errors reveals that errors are generally 

when there are a higher number of very short trips. This may be analyzed further in future work with modifications 

for modeling these trips better. Tests also show that updating estimates over time and having higher cell phone data 

coverage helps prediction accuracy. Finally, the impact of noise in the data obtained through travel time APIs is 

estimated. It is shown that the quality of estimates is sensitive to such noise which motivates research in developing 

better algorithms for travel time prediction. 
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