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Abstract 
This paper considers a model of the taxi market. Demand for taxi-trips is a function of both price and number of vacant taxi; hence it depends directly on supply side. Similarly, supply is a function of both price and number of waiting passengers; hence it depends directly on demand side. Social optimum is characterized and is proved to forbid industry to break-even. Single taxi firms fail to take into account the effects of vacant taxis on demand. As a result, in the competitive market case, vacancies are below their socially optimum level, while prices are above. In the monopoly case, despite the complex interactions on the market, the profit maximising price obeys the standard Lerner formula. As in the competitive case, the fleet size of a profit-maximising monopolist is always below the social optimum level, although to a less extent. In terms of prices, the second-best allocation is characterised by the standard Ramsey formula. It is also proven that there is strictly less distortion at second-best than in the competitive market case. This provides a rational for regulation. Given that price control would not be sufficient to reach the second-best, an extended price-cap scheme is proposed to decentralise the optimal allocation. The latter requires the regulator to know the average value of time and an estimate of the marginal impact of an additional taxi in the fleet on the expected queuing time.
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1. Introduction: The taxi industry between market failures and regulatory inefficiencies  

1.1 A sustained interest in the literature 

Interrelation between demand and supply, importance of unused capacity, asymmetric information, externalities, spatial dimension and search costs… Singular and problematic, taxi markets attracted for decades the interest of economists for both positive and normative analysis. Theoretical reflections started in the beginning of the sixties, with the works of Turvey (1961) and Friedman (1962). The latter inserted the issue of "taxi licences" in an appendix of exercises (p. 346) to the first edition of his Theory of prices
. The challenge of Friedman was soon taken on by other economists (Lipsey and Steiner, 1966; Orr, 1969). But it was in the seventies that an ample body of literature emerged (Kitch et al., 1971; Douglas, 1972; Beesley, 1973; Eckert, 1973; De Vany, 1975; Shreiber, 1975, 1977 e 1981; Abe and Brush, 1976; Manski and Wright, 1976; Coffman, 1977). In this papers’ series, although from differing perspectives, there is a common recognition of market failures; the effects of tariffs and entry regulation are studied under different market structures and organisations of services.

    In the eighties appear the first important empirical works (Fravel and Gilbert, 1978; Beesley, 1979; Schroeter, 1983; Frankena and Pautler, 1986; Teal and Berglund, 1987; Oum et al., 1990; Fischer, 1992). This emerging body of literature will know further development, despite the great difficulties in collecting comparable and reliable data.

    In the nineties, a renewed theoretical interest for the subject produces relevant progresses in the knowledge of the sector. In an unpublished article, Brunstad (1991) compares social optimum with monopoly and perfect competition, under the constant return to scale hypothesis. Arnott (1996) offers an elegant structural model in which it is shown that first-best allocation calls for subsidies. The same paper offer precious hints unfortunately left isolated, around the opportunity of incentive regulation. Cairns and Liston-Heyes (1996) confirm that taxi firms cannot survive first-best implementation. They underline the need for tariffs, entry and intensity of use regulation while acknowledging the intrinsic difficulties of such a proposal. Hackner and Nyberg (1995) prove that optimal price exceeds marginal cost. Nevertheless, equilibrium mark-up appears to be excessive in their oligopolistic model where firms compete à la Bertrand.

    In the latest years, besides new theoretical contributions, there is a renewed interests towards empirical analysis: Schaller (1999) and Flores-Guri (2003 and 2006) estimate the elasticity of demand for taxi services in New York; Golias and Karlaftis (2001) study the impact of taxis on urban congestion in Athens, a theme taken on by Yang et al. (2005); OFT (2003) produce and empirical investigation on the determinants of licenses' value in the British Isles. Three papers of Yang et al. (2000, 2002 and 2003) underline the importance of the spatial component in the working of the industry. Finally, in a short note, Koehler (2005) illustrates the value of licences in relation to the regulatory framework.

    Moore and Balaker (2006) ask whether arguments in favour of (or preventing from) regulation prevail in the literature. After reviewing more than thirty papers, they reach a mixed conclusion. On the one hand, papers in favour of regulation are more numerous. One the other hand, these very same papers appear to be relatively old contributions, arguably relying on weaker analytical framework. If, besides economists’ opinion, attention is drawn to policies, the pendulum swings between regulation and deregulation. 

1.2 From regulation …

From the thirties to the seventies, i.e. for about half century, there is a global trend toward regulation. This trend initiated in the US, following the onset of the Great Depression. The resulting increase in labour force, streaming from other industries, has had a tremendous impact on both profitability and quality of services. As a consequence, the regulatory policies spread rapidly and, by the end of the thirties, almost all cities in the US had adopted severe price, entry and quality regulation. 

Regulatory policies expand all over Europe after from the end of the II world war, in concomitance with the development of motorisation
, while, in the Far East, between the fifties and sixties
. 

An ample body of literature converges on a negative judgement of the outcome of this first long phase of regulation. In general, entry regulation resulted in the outright prohibition for newcomers to enter the market. This, in turn, has brought rent production and high licence value (Williams 1980; Beesley e Glaister, 1983; Frankena e Pautler, 1986; Gallick e Sisk, 1987, Rometsch e Wolfstetter, 1993, Barrett, 2003). The market is efficiently guarded by the incumbents and does not respond to increasing demand. Waiting times are high and the quality of service is generally low (Toner, 1996; Kang, 1998; Fingleton et al. 1998; Radbone, 1998). The regulated structure of tariffs, moreover, lacked any provision to account for changes in the market’s conditions, in the cost structure and in the quality of service. In many cases, measures seemingly related to quality requirements, were transformed in instruments to strengthen entry barriers (Taylor, 1989; Teal e Berglund, 1987; Dempsey, 1996).  

A major shortcoming has been, undoubtedly, the failure of the regulatory framework in terms of both rent extraction and effort inducement. An almost fixed price scheme, as the one prevailing in the majority of countries, while weak, by definition, from the rent extraction profile, could have been, in principle, instead, powerful in terms of incentives. In this specific case, however, the power of the incentive scheme was nullified in terms of both cost reduction and quality increase for the relative rigidity of technologies and of the excessive entry restrictions.

The poorness of the regulatory schemes is attributed, to a large extent, to the widely acknowledged capability of the lobbying ability of taxi operators. This has made the failure of regulation in this sector, a case study for textbooks and treaties (Viscusi et al., 1996; Carlton e Perloff, 1994; Kahn, 1975; Walters, 1993). 

1.3 … and deregulation
Deregulation started once again in the United States: between the end of the seventies and the eighties twenty-two cities totally or partially deregulated. In the following decade, a number of countries among which New Zealand, Australia, Canada, South Korea, Sweden, Great Britain, and, later, Japan, the Netherlands, Ireland, Italy and Belgium followed the American experience on deregulation. Only in some limited cases the outcomes were up to expectations. From the large body of literature that has built up on the various experiences it emerges how deregulation has, in general, produced an increase in supply, because of both the entry of new operators and the increase in the dimension of the firms already present. However, the characteristics of new entrants – small mono-vehicular firms with an high turnover – increasing the volatility of the industry, reduced specialisation and, thus, quality of service (Dempsey, 1996; Kang, 1998). Furthermore, it is noteworthy that the increase in capacity has not, in general, spread uniformly, but has concentrated mainly in larger cities and in the already saturated places (airports, stations, luxury hotels) where willingness to pay is generally higher (La Croix 1986; Morrison, 1997; Garling et al., 1995; Mansson, 1996; Boroski e Mildner, 1998; Fingleton et al., 1998; Frankena e Poutler, 1986; Teal e Berglund, 1987; PriceWaterhouse, 1993; Toner, 1996).

Regarding tariffs, the literature does not yield univocal results, even if a tendency to increase seems to prevail. This is certainly the case for the United States, Japan, Korea and Canada (Dempsey, 1996; Price Waterhouse, 1993; Kang, 1998; Frankena e Pautler, 1986; Teal e Berglund, 1987; OFT, 2003). In Sweden tariffs, after an immediate increase, have began to decrease following the exit from the sector of many newcomers (Garling et al., 1995 e Marrell e Westin, 1999 e 2002); in Australia tariffs have remained stable in real terms; in New Zealand they have decreased in the larger cities (New Zealand Ministry of Transport, 1991; Gaunt, 1996; Morrison, 1997). 

The results have been very disappointing also in terms of the effects on waiting time. This has not, in general, decreased significantly. It has, instead, augmented in a number of cases. Other aspects of the quality of service besides waiting time, have, undoubtedly, deteriorated (Boroski e Mildner, 1998; Dempsey, 1996; Toner, 1996; PriceWaterhouse, 1993; Garling et al., 1995). The increase in fares, together with stable or worsened quality and waiting time conditions, has induced also a significant reduction in demand in some of the deregulated markets such as Australia, Sweden and  Japan (Kang, 1998; EIM 2002; ICRC, 2004).

Following the disappointing result of deregulation, the idea that it would be better to re-regulate the sector on innovative basis is gaining increasing consensus. Most of the America cities that had deregulated in the eighties have reintroduced forms of regulation. In the same direction have gone countries such as Korea, Australia, New Zealand and Sweden. 
Moreover, nations such as Italy, the Netherlands, Ireland and Japan, which only recently have moved towards deregulation, are adopting a substantially more flexible and cautious strategies (Bergantino e Longobardi, 2000a e 2000b; EIM, 2002; Bergantino, 2003 e 2004 e Bergantino e Boitani, 2003), while the debate on new forms of regulation gains support (ICRC, 2004; EMTC, 2007)
.

1.4 Objectives and main results of this work
This paper moves from two main considerations. On the one hand, the superiority of regulation with respect to free market does not seems to have gained conclusive support. On the other hand, the failure of regulation in many experiences  can, in a large part, be attributed to severe flaws in its set up and, in particular, to the lack of appropriately designed incentive mechanism. This work aims to give a contribution in this twofold direction.
The results confirm that in first best the industry should be subsidised. Excluding subsidies, the reference is to second best. However, in order to justify regulation, it should be demonstrated that second best yields strictly better results with respect to a competitive market. This is one of the outcomes of the paper. 

It is shown, moreover, that, differently from monopoly, competition does not allow to internalise the externality deriving from the positive impact of the number of free taxis on the number of trips. The natural reference for public intervention seems to be, thus, a regulated monopoly.  Given the peculiarities of the sector, decisive is the design of the regulatory mechanism. In this paper it is proposed to decentralise through a price cap that would take into account the quality of service, identified with waiting time.  Since the latter depends on the availability of free taxis, the appropriate scheme seems to be that of a price and vacancy cap, based on the model proposed by de Fraja e Iozzi (2004) e Billette de Villemeur (2004). 
2. The model
In a market for taxi services three main variables should be considered:
· X, the number of trips (taxi actually matched with a passenger);

· V, the number of vacant taxi (waiting for passengers);

· W, the number of passengers waiting (for a taxi).
all measured in unit of time.

Let the utility derived from X trips be U(X), the cost of X trips C(X) and 
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the cost of V vacant  taxis. 
The cost of waiting (disutility) for W passengers writes 
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, so that the generalised cost of service for the users (full price), composed by the monetary expense and by the value of waiting time, is given by:
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where p is fare.

The "matching function" is considered in the most general terms:

[image: image4.wmf])

,

,

(

W

V

X

f

m

=


with:
[image: image5.wmf]/

fX

¶¶

 <0, 
[image: image6.wmf]/

fV

¶¶

 > 0, 
[image: image7.wmf]/

fW

¶¶

 >0

In a stationary state equilibrium the number of matches is equal to the number of occupied taxis:
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The matching function can be rewritten as:
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with:
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which represent the marginal impact on the number of matches of vacancies and waiting passengers, respectively.

Henceforth the following standard notation will be used:
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3. Behaviour of the travellers (demand)

Total demand for taxi trips is given by the sum of occupied taxis and waiting passengers (X+W) and generate a net utility:
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Assuming a representative consumer, her decision variable is W. It follows that:
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Hence, at equilibrium, the traveller marginal utility must be equal to the marginal generalised cost of X:
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The second term on the right hand side of (3) is the increase, at the margin, of the waiting costs generated by an additional passenger 
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Observe that W is a function of both p and V. Its properties can be obtained by deriving equation (2) with respect to both variables:
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to obtain:
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It is assumed that 
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Note that the marginal impact of the number of vacant taxi V on the traveller net utility is:
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The net utility of vacant taxis, V, is, at the margin, equal to the product between the marginal impact on the number of matches (
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) and the component of the generalised marginal cost related to “waiting” (compare with equation (3)). 

    Similarly, the marginal impact of the fare p on the traveller net utility is:
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which is standard.

4. Social optimum

The social welfare function writes:


[image: image34.wmf]),

(

~

)

(

ˆ

)

(

)

(

)

,

,

(

W

C

V

C

X

C

X

U

W

V

X

SW

-

-

-

=


dove X = g(V,W)
The FOC of the social welfare maximisation problem (first best) are:
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Thus,
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    Observe that U’(X) > C’(X) although social optimum still follows from marginal cost pricing. More precisely, if p = C’(X), the demand equation, as characterised by (2), gives:
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If, in addition, we have


[image: image39.wmf])

(

'

~

)

(

'

ˆ

W

C

g

g

V

C

w

v

=






(12)

then (10) holds true.

The right hand side of (12) is the marginal impact of vacant taxis on consumers' net utility, that we have already considered in equation (6).  While equation (11) states that the marginal benefit of the occupied taxis should be equal to its marginal cost, equation (12) states that the marginal cost of vacant taxis must equal their marginal benefit.  Thus, at social optimum the marginal benefit must be equal to the sum of the marginal cost of occupied taxis and of vacant taxis.

4.1. Profits at social optimum

Profits are:
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(13)

Combining (3) with (10), at social optimum we have:
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Hence, with constant returns to scale (C’(X)=C(X)/X=C):
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at the social optimum, profits are negative for an amount equal to the cost of vacancies.  This is a well-known result in the literature (see for instance, Arnott (1996) and Cairns and Liston-Heyes (1996)): because of the social value of the unused capacity (vacancies) at social optimum the taxi industry should be subsidised.

The marginal effects of profits of p and V on profits writes, respectively:
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Since at the social optimum p=C’(X), it follows that:
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5. Behaviour of the firm on a competitive market

 
In a competitive model the single firm should be characterised as both price taker and "waiting passenger taker". The latter since it considers that its decision on V has no impact on W (the demand for taxi trips).

For given p and W, the firm maximises profits (πc), as given by (13), in V:
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Equation (2) and (18) determine demand and supply function respectively. In equilibrium we have:


[image: image48.wmf])

(

'

~

1

)

(

'

W

C

g

X

U

p

w

-

=


   
[image: image49.wmf])

(

'

ˆ

1

)

(

'

V

C

g

X

C

v

+

=






(19)

where X=g(V,W).

Comparing (19) with (11) shows that in a competitive market the fare is higher than at the optimum.

It follows in particular that:
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the number of trips, X, would be suboptimal. 

Substituting (19) in (14) and in (15), we obtain the marginal effect on profits of p and V, respectively:
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Equation (21) shows that marginal profit generated by an increase in p is lower than the one obtained in optimum. This follows from the fact that a competitive market fails to take into account that p affects W in addition to X.  

From (22) it is possible to see that an increase in the number of taxis would generate and increase in profits: a competitive market fails to take into account the effect of the number of vacant taxis on demand. This is immediate comparing the two equations of the single firm (myopic behaviour) and of the industry, i.e. (18) and (15).

6. Behaviour of the monopolist

Let's consider the behaviour of a monopolist. The FOC of the profit-maximisation problem are:
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Note that:
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hence, from equation (23), one may derive the usual Lerner formula:
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where:
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By using equation (2) describing travellers demand, one may rewrite equation (24) as: 
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While equation (25) is to be compared with the price at social optimum as defined by (11) and the price on a competitive market as defined by (19), equation (27) is to be compared with (10) and (20), respectively for the social optimum and the competitive market allocation.

Interestingly enough, the latter comparison shows that, in terms of vacancies, there is less distortion when there is a profit-maximising monopolist rather than a competitive market situation. This follows from the fact that the profit-maximising monopolist, differently from a single firm in a competitive market, is able to take into account the positive externalities vacancies exert on demand.
Equations (27) and (20) state that, ceteris paribus (i.e. if prices were identical for a profit maximising monopolist and on a competitive market), a profit-maximising monopolist would offer more taxi than what would emerge on a competitive market. However, there is no a priori reason for which prices must be the same in the two situations. Thus, it is not possible to say, a priori, which of the two market configurations would imply a greater supply of vacancies, and, consequently, a better performance in terms of waiting time. In addition, it is not possible to state which of the two would reach better results in terms of welfare.

7. Second-best

Let's turn to the second best solution which consists in maximising social welfare subject to the industry's break-even constraint. Let L be the Lagrangian expression associated with this problem, while  is the multiplier of the break-even constraint:
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The FOC which characterise the constrained optimal prices are:
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where:
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Since, in equilibrium, the marginal utility for the traveller must be equal to the marginal generalised cost of X (equation (3)), (28) rewrites:
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that simplifies to:
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which rewrites as the usual Ramsey formula
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Similarly, the FOC (29) can be rewritten by using the demand equation (2) to obtain:
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Comparing equation (33) with (27), yields the difference in the net social marginal benefit between second best and monopoly. The resulting difference, should be compared with the difference between first best (10) and the competitive market (20). From these comparisons it is clear that, for a given level of prices, the number of trips in the various allocations can be ordered as follows:
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As it has been previously stated, the above ordering cannot be extended to the level of welfare, since prices differ a priori. However, comparing (20), (27) and (33) it emerges that a regulatory set up aiming to increase social welfare should not focus only on prices but should also aim at increasing supply, that, in all three allocations, is too low.

7.1 Effects of marginal changes

Substituting in (31) the expression 
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, already used in section 6 we have:
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Furthermore, substituting (34) in  (14) we find:
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Similarly, from (3), (29) rewrites:
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From (30), the latter equation can be further simplified:
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Substituting (36) in (15) it becomes:
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As it can be easily demonstrated (using 46 e 47 in section 8) at second best it holds:
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In other terms, it is impossible to increase the level of welfare changing p and V without compromising the financial equilibrium of the firm.
8. Ranking allocations

Social welfare as the sum of consumer surplus and profits is:
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The FOC of the optimisation problem are:
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Using (38) and (39) it is possibile to compare the outcomes of the different allocations.
Social optimum

    Substituting (16) in (38) and (17) in (39), at social optimum we have:
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Competitive market

Substituting (21) in (38) and (22) in (39), in the competitive market we have:
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Monopoly

Substituting (23) in (38) and (24) in (39), in the monopoly case we have:
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Second best

    Finally, substituting (35) in (38) and (37) in (39), in second best we have:
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From the comparison it is possible to establish that both in competition and in monopoly, price is above social optimum and vacancies below. In terms of prices it is not possible to establish a ranking between competition, monopoly and second best.   Given the same price, assuming a Social Welfare (SW) function concave in V, second best strictly dominates, in terms of vacancies, the monopoly allocation, which, in turn, strictly dominates the competitive solution: (
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This is a rational for regulatory intervention. However, given the characteristics of the market, it is essential that the mechanism design would take adequately into account, the fundamental role of unused capacity.  The latter, in fact, for its strict relationship with waiting time, can be treated as a quality variable.  It comes handy the regulatory model proposed by De Fraja and Iozzi (2004) and the intuition beyond the mechanism put forward by Billette de Villemeur (2004): in both models, the authors take into account, explicitly within the regulatory constraint, both price and quality, which, in the second paper, is identified with frequency of service.
9. Decentralisation

The result that second best allocation is strictly better that the competitive market gives a rational for regulation. Let us examine the decentralised solution when the regulator faces a profit maximising firm. Consider a price-cap scheme that takes account also of the quality dimension of the service (De Fraja-Iozzi, 2004 and Billette de Villemeur, 2004). This is represented, in this context, by the unused capacity, V, as it influences, directly, waiting time.  It is a regulatory mechanism that belongs to the greater family of “price and quality cap”:
In formal terms, the constrained programme is defined as follows:
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where α and β are the weights attributed to the price and to the vacancies (or "unused capacity"). Equation (48)
, requires the firm to choose price and vacant capacity such that their weighted difference does not exceed the level of prices (
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), exogenously determined by the regulator. 
When ( is equal to 0, vacancies are not regulated, and (48) falls back in the standard price cap solution. If instead, the quality dimension represented by V is relevant ((>0), the firm can ease the constraint on price investing in quality; increasing, in other words, the unused capacity.  It is the level of unused capacity, thus, that determines the maximum level of tariffs, or, from the opposite point of view, tariff setting determines a minimum vacancy level.  With this set up, the firm is free to use its knowledge of demand in order to choose the price and vacant capacity, provided that the "generalised price" does not exceed 
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The Lagrangian associated to the problem of the regulated firm is:
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where ( is the Lagrange multiplier associated to (48).

The FOC are given by:


[image: image92.wmf]ma

-

¶

¶

-

+

=

¶

¶

p

W

g

X

C

p

X

p

L

w

))

(

'

(



(49)


[image: image93.wmf]mb

+

-

÷

ø

ö

ç

è

æ

¶

¶

+

-

=

¶

¶

)

(

'

ˆ

))

(

'

(

V

C

V

W

g

g

X

C

p

V

L

w

v



(50)

Assume that the (exogenous) weights  ( and ( are such that:
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Parameter α is, thus, equal to the optimal demand, in second best and β to the saving, in terms of disutility of waiting time, generated by an additional vacant taxi, evaluated at second best.

Equations (49) and (50) rewrite:
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Assume furthermore that (
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)- fixed by the regulator - is adjusted so that firm's profits go to zero. It must be the case that:
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In order to implement the optimal solution, it is thus sufficient to compel the firm to offer services such that their "generalised price" (
[image: image103.wmf]p

)does not exceed its second best optimal values. The regulatory mechanism just described despite its simplicity, appears to be easily implementable. A mechanism inspired to Vogelsang and Finsinger (1979) should lead to the determination of appropriate weights using only past accounting information (book-keeping data)
, an average evaluation of time by travellers and an estimation of the marginal impact of new taxi on waiting time.
9. Concluding comments

Pervasive failures of a decentralised mechanism of resource allocation and the severe malfunctioning of the traditional regulatory policies have constrained the taxi market in the claw of a double failure: that of the market and that of the non-market.

In this work it has been evaluated if the are sound reasons for regulation and, in case, which mechanism should be implemented. In the first part of the paper the socially optimal allocation has been characterised. It has been demonstrated that, in line with previous results, in first best, the industry does not reach break-even and should, therefore, be subsidised. Excluding such a solution, it remains the hypothesis of the constrained optimum, or, second best. It is demonstrated that second best generates improved results in terms of installed capacity with respect to monopoly. The latter, in turn, since it can internalise the positive externalities associated to unused capacity, performs better from this point of view than free market competition. The natural set up for a public intervention seems to be, thus, a regulated monopoly.

In the second part of the analysis, a simple and manageable scheme of regulation is put forward. It connects to the incentive compatible schemes of regulation originating from the seminal work of Vogelsang e Finsinger (1979), that, up to today, to our knowledge, have not found any application to this specific industry. In the wake of the studies of Billette de Villemeur (2004) and De Fraja and Iozzi (2004), keeping in mind the characteristics of the industry, and, in particular, the determinant role of vacancies, the scheme proposed is an "extended" price-cap, which, besides taking into account price, considers also the capacity dimension of the service. The latter can, in fact, be assimilated to services' quality. The implementation of the mechanism becomes relatively easy sufficing for the regulator to have accessibility to past book-keeping data and to estimates of the average waiting time for consumers and of the marginal impact of additional taxis on waiting time.
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� The debate around public intervention started much before. Edwin Chadwick (1859) might be the first to suggest regulatory intervention. He proposed in particular to introduce a concession system where all taxi-services would have been attributed to a single firm. 


� Although the first European experiences of regulation can be dated back to 1635 when, under the reign of Charles I, the London and Westminster hackney carriage were regulated. The basis of the current British regulatory framework can be dated back to the Hackney Carriage Act and to the London Hackney Carriage Act 1841 (modified, until 1999 only 11 times; EIM, 2002).


� In Japan the modern system of service regulation, which had remained almost unchanged until 1992, was crated in 1951 with the introduction of price and quantity regulation (Flath, 2002); in South Korea, the main regulatory measure might be dated back to 196. The Automobile Transport Business Act) introduced, besides a strict limitation to access, a nation-wide uniform tariff scheme (Kang, 1998).


� In some States of Australia there have been the first discussions on the opportunity to extend to he taxi industry pricing mechanism based on the incentive schemes. An explicit reference to price-cap can be found in the ICRC (2004) document. The concrete possibility to introduce an efficiency parameter is remanded to the 2008 review.


� Equation (48) might be referred to as a "generalised price-cap" for its property of taking into account, although indirectly, the time component of the price of the trip.


� It has been shown, in fact, that under some well-established conditions, these coefficients will converge to their optimal values. On the convergence of this mechanism, see Etienne de Villemeur 2003. On these mechanisms and their limits, Laffond and Tirole (1993, section 2.5.2) and, more recently, Law (1997) and Cowen (1998).
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