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Abstract

This paper extends the formulation for SSO to include MUCs (where the different groups of drivers are assigned different generalised cost functions), such that total perceived network travel costs for all classes are minimised and presents an objective function for MUCSSO.  Marginal social cost price (MSCP) tolling is examined for differing user classes, and the possibility of reduced (or minimal) revenue tolling strategies to produce the same effect is illustrated.  The possibility of producing toll sets that apply to less than the total number of user groups, but still result in the MUCSSO flow pattern being achieved is considered.  
1. Introduction

The classical road tolling problem is to toll network links such that, under the principles of Wardropian User Equilibrium (UE) assignment, a System Optimising (SO) flow pattern is obtained.  Such toll sets are however non-unique and further optimisation is possible: for example, minimal revenue tolls create the desired SO flow pattern at minimal additional cost to the users.  In the case of deterministic assignment, the minimal revenue toll problem is capable of solution by various methods, such as linear programming (Bergendorff et al, 1997) and heuristically by reduction to a multi-commodity max-flow problem (Dial, 2000).  However, it is generally accepted that deterministic models are less realistic than stochastic, and thus it is of interest to investigate the principles of tolling under the stochastic modelling conditions.  Recent work has defined a Stochastic System Optimum (SSO) (Maher et al, 2005) and has developed methodologies to examine the minimal revenue toll problem in the case of Stochastic User Equilibrium (SUE) (Stewart and Maher, 2006).  This work had however been based on the assumption of a fixed demand stochastic equilibrium model with a single user class.

It is of interest to consider the case for tolling to achieve optimal traffic flows through a network when potentially a different set of link tolls may be applied to different sections of the driving population.  It may well be of interest to have different charging rates for different classes of vehicles, such as standard cars and HGVs and additionally it may be politically desirable to exempt certain classes of vehicles from paying any toll, such as PSVs Taxis etc.  Such differences in vehicle classification may be modelled as Multiple User Classes (MUC), where the different groups of drivers are assigned different generalised cost functions to account for the difference in travel time and route constraint between groups. In stochastic modelling this may be achieved by assigning different values to the dispersion parameter (Maher and Hughes, 1996a), and objective functions for MUCSUE have been defined as extensions of the SUE objective function. (Maher and Hughes 1996, Maher 1998). In an MUC SUE assignment model no driver could reduce their perceived travel cost by changing route in each class, whilst all classes are assigned in the network allowing for interaction.  

This paper will extend the formulation for SSO to include MUC, such that total perceived network travel costs for all classes are minimised and will present an objective function for MUCSSO.  To achieve such a flow pattern under an MUCSUE assignment, link tolls will be applied, which may differ for each user class.  Marginal social cost price (MSCP) tolling will be examined for differing user classes, and then the possibility of reduced (or minimal) revenue tolling strategies to produce the same effect will be illustrated.  It may be politically desirable to allow that one or more MUCs should be exempt from tolls, and the possibility of producing toll sets that apply to less than the total number of user groups, but still result in the MUCSSO flow pattern being achieved will be considered.  The methods used to derive toll sets will be equally applicable to any stochastic assignment method, however logit based assignment will be used to present illustrative results on small toy networks. 

Under deterministic assignment the System Optimal (SO) solution where the Total Network Travel Cost (TNTC) is minimised is well established as being the ‘desired’ flow pattern, i.e. which would give the most beneficial flow pattern throughout the network. In the case of economic benefit maximisation, marginal social cost price tolls (MSCP) may be applied to network links so that the SO is achieved. Under stochastic assignment though, the desired flow pattern is not immediately obvious. Previous work (Stewart and Maher, 2006) has suggested two possible desired flow patterns in the stochastic case: the SSO (Maher et al 2005), where economic benefit is maximised and the Total Perceived Network Travel Cost (TPNTC) is minimised, and the ‘True SO’ where TNTC is minimised, i.e. the same SO flow pattern as in the deterministic case.  This paper will also consider tolling to achieve the deterministic SO flow pattern under MUCSUE and will compare toll levels derived. 

Section 2 summarises the MUCSUE model, section 3 defines a suitable objective function for MUCSSO and discusses how the MUCSSO flow pattern may be easily determined from standard techniques, section 4 discusses possible tolling methodologies under MUCSUE to produce desired flow patterns and section 5 summarises the paper and comments on future work.
2. Stochastic User Equilibrium with Multiple User Classes (MUCSUE)
Standard SUE models assume that drivers perceive network costs according to the same distribution and thus form a single user class.  It can however be useful to separate drivers into distinct multiple user classes, by assuming that they have either different cost functions, or different perceptions of cost variability.  

Models with Multiple User Classes (MUCs) may for instance be used to assess the utilisation of route guidance systems whereby some drivers have more accurate information than others (assuming that only a certain percentage of vehicles are fitted with such systems).  In Stochastic assignment this would be represented by the user having a different value of the relevant variability parameter; in the logit model the value of ( would be higher (as ( ( ( the stochastic model tends to the deterministic where all users would be assumed to have perfect network knowledge), and in the probit model the parameter (  would be lower to represent greater network knowledge.  Both Van Vuren and Watling (1991) and Maher and Hughes (1996) assume that the MUCSUE applies to the situation of route guidance.  

Multiple User Classes may also be used to model different groups of drivers who may have differing generalised cost functions, such as HGV drivers, where generalised cost functions would be higher to represent the increased time taken for journeys and potentially the higher value of time associated with commercial trips.  Whilst it is possible to model MUCSUE quite generally (with users having completely different forms of generalised cost function (Daganzo, 1982)), it is a convenient and widely used assumption that the cost functions should be multiples of each other (e.g. Conners et al, 2005).  The model of MUCs where cost functions are multiples of each other can be easily seen to be equivalent to those where the variability parameter differs by user class.  This may be readily illustrated using the logit model, where the probability of assigning flow to each path i is;
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The flow on link a of user class m is  with corresponding link cost (for user class m),
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where the parameter  is a scalar multiplying factor for the value of time for user class m, and  is the common cost on link a (a function of the total flow on that link where 
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It can be seen that the probability of a driver in class m being assigned to route i is;
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which is equivalent to
	
[image: image5.wmf]å

-

-

=

m

j

j

m

i

m

m

i

C

C

p

,

)

(

exp

)

(

exp

qa

qa


	(4)


where each user class has a different value of the variability parameter. 

In MUC models which include two or more user classes, each group is separately in equilibrium and at MUCSUE no user in each class can improve on their perceived travel cost by unilaterally changing routes. 

This paper is concerned with tolling different user classes at different rates, so will be considering the form of the model where cost functions are multiples of one another related to the value of time  (i.e. cars, HGVs, Buses, exemptions) rather than considering the case for multiple users with or without route guidance.  

3. Formulation of Stochastic Social Optimum with Multiple User Classes (MUCSSO)
Maher et al (2005) defined the Stochastic Social Optimum as being that flow pattern where the Total Perceived Network Travel Cost would be minimised and demonstrated that this flow pattern could be produced under standard stochastic assignment techniques by applying marginal social cost price (MSCP) link tolls.  Thus SUE + MSCP tolls produced the SSO.  Whilst MSCP tolls also produced the solution where economic benefit was maximised, it was shown that other sets of tolls could produce the SSO flow pattern under SUE.  In particular it is possible to find minimal revenue tolls that produce this effect (usually by mathematical programming methods).  It might be desirable in the Multiple User Class case to assign different tolls to each user group so that the overall system has a combined desirable flow pattern.  

Maher et al (2005) derived an objective function for the SSO based on replacing unit-link costs with marginal link costs, which was seen to be analogous to the objective function for the SO in the deterministic case.
	
[image: image6.wmf](

)

å

å

å

ò

-

+

-

=

a

rs

rs

rs

a

a

a

a

x

a

SUE

S

q

x

c

x

du

u

c

Z

a

)]

(

[

)

(

)

(

0

x

c

x


	(5)

	
[image: image7.wmf](

)

å

å

å

ò

-

+

-

=

a

rs

rs

rs

a

a

a

a

x

a

SSO

S

q

x

m

x

du

u

m

Z

a

)]

(

[

)

(

)

(

0

x

m

x


	(6)


where at the SSO solution it is therefore the case that:
	ya(m(x)) = xa
  ( a
	


where ya are the auxiliary flows in a stochastic loading.

Maher and Hughes (1996) showed that the Sheffi and Powell (1982) objective function for SUE (5), could be easily extended to include MUCs as below;
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where the third term is summed over every user class m, so that qrsm is the demand from origin r to destination s for user class m, and Srsm is the expected minimum perceived cost (satisfaction) summed over the same.  Thus the results of Maher et al (2005) and Maher and Hughes (1996) may be combined to formulate an objective function for Stochastic Social Optimum with Multiple User Classes;
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where arguments regarding convexity are in direct analogy to those given in Maher et al (2005) and where at the MUCSSO solution it is again the case that:
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 where ya are the auxiliary flows in a stochastic loading.

Thus the desired flow pattern at SSO may be determined by conducting a stochastic assignment where unit-link cost functions are replaced by marginal cost functions.  Thus if the target solution is known it can then be replicated by tolling under SUE.  

4. Tolling to achieve desired flow patterns under MUCSUE.
It would be desirable to induce or approach ‘System Optimising’ flow patterns under stochastic user equilibrium assignment with multiple user classes.  In the stochastic case the desired flow pattern to be achieved by tolling is not as clear as in the well established deterministic case; either the deterministic SO where actual TNTC is minimised or the stochastic SSO where perceived TNTC is minimised (and in the case of MSCP-tolls economic benefit is maximised) are possible desired flow patterns.  

The toll level is also of interest; as in the single user class cases for either deterministic or stochastic modelling environments, it will be possible in the multiple user class case that other tolls than marginal social cost price tolls could be used to create certain desired flow patterns.  It is of particular interest to investigate minimal revenue (or low revenue) toll sets as these may be derived to maintain zero-toll paths through the network which is beneficial from an equity perspective (Stewart, 2007).  MSCP tolls are also often rather high and there is some doubt that they would be implementable politically despite their theoretical economic benefit of forcing the user to pay the full cost of their externalities (Dial, 1999; Newberry and Santos, 2003; Wong et al, 2003). (Although there is also some evidence that MSCP-based pricing could be more acceptable if presented as part of a package of measures (Sikow-Magney, 2003).)  

In addition to the possible choice of toll level, there is the possibility in the MUC case to apply different tolling methodologies to different user groups.  For instance it might be felt that it is politically unacceptable to charge ordinary motorists for the full cost of their externalities in the form of a toll and that it would be politically beneficial to extract only the smallest amount of revenue possible whilst still achieving an optimal re-routing through the network (i.e. minimal revenue tolling).  However if a political objective was to encourage modal shift of freight from road to rail or waterways, then it might well be seen as beneficial to charge HGVs the full MSCP toll rate.  Under MUCSUE because any individual modal class is independently in SUE it would be possible to charge one user group minimal revenue tolls and another marginal social cost price tolls and still maintain both the overall system and the individual user class flow patterns at the Stochastic Social Optimum flows.  In addition it might be feasible to maintain the overall flow pattern as a system optimal flow pattern, but to ‘overcharge’ one user group to ‘subsidise’ another user group to achieve this. This is discussed further in section 4.1.

It is also important in terms of tolling networks to consider that it will usually be deemed socially necessary to exempt certain user classes from paying any toll at all.  It is likely that some ‘ordinary’ vehicles which would be assumed to form a single user class in terms of having the same generalised cost function, might nonetheless form separate user classes if some of those vehicles (for example taxis, blue badge holders or certain residents) were required to be toll exempt.  It could be possible to still achieve a desired optimising (either SO or SSO) flow pattern, by charging the users who were not toll exempt a requisite amount more to compensate for the exemptions.  This would essentially result in more tolled users having to deviate from their desired path while allowing the exempt drivers to essentially distribute themselves in Wardropian manner.  These issues are illustrated in section 4.2.

It would also generally be considered desirable to exempt public service vehicles (buses etc) from any network tolling scheme; these users would form a separate user group irrespective of any charge levied and would be expected to have a higher cost function than for a general motorist (to account for the higher occupancy levels).  Buses however would be assumed to have fixed routes and not to be possible candidates for rerouting, so whilst their presence on their designated route will contribute to the cost on that link and affect the routing of other vehicles and consequently the toll levels required to provide the incentive for rerouting, they would not themselves be distributed according to flows on links.  This issue is not explicitly examined in this paper as the presence of fixed bus routes could be included in the free flow cost part of the generalised cost function, and consequently it would be unnecessary to model for such services in the same manner as for the other possible user classes mentioned.

For both the cases of HGV tolling and tolling with exempt vehicles (taxis/blue badges), tolling to achieve both the SO and the SSO is considered, as is the difference between MSCP-tolls and Minimal Revenue tolls.

4.1. Tolling HGVs and Cars

In considering the issue of charging using different tolling methodologies for charging ordinary vehicles (cars) and HGVs a simple 2-link example (given in figure 1 below) will be used for illustrative purposes.   

The following notation will be used; (ci, xi, ti: link/path-costs, link/path-flows, link/path-tolls).

There is a total demand of 1000 vehicles between origin 1 and destination 2.


[INSERT FIGURE 1 HERE]
The demand of 1000 (which includes both user classes) must be split between the two paths, so
	x1 + x2 =  1000
	


The flow on link a of user class m is 
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where the parameter 
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For illustrative purposes it will be assumed that there are only 2 user classes, HGVs (h) and cars (c), logit-based SUE will be used with ( = 0.1, αc = 1 and αh = 2 (HGVs are assumed to have double the value of time associated with them as that for the average car).  A proportion P of all vehicles are HGVs, the rest are cars.

The probability of assigning flow to path 1 under logit SUE is:
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Where for simplicity the single toll difference T = t1 – t2  may be determined for each user class.

After n iterations (when convergence is assumed to have occurred), the flow on path 1 may be expressed as;
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At either of the desired flow patterns (SSO or SO) the link flows are easily determined for both the aggregate link flow and the individual user class flows.  Thus assuming x1 is known, Tc and Th may be determined in relation to each other.  

To achieve the SSO, MSCP tolls for each user class will produce the required toll differences, and in this 2-link example minimal revenue tolls may be readily obtained by setting the lowest path toll for each user class to zero.  MSCP tolls and Min Rev tolls to achieve the SSO are given in Table 1 below.




[INSERT TABLE 1 HERE]
It can be seen that for both the MSCP and Min-Rev tolls the link tolls for the HGV user class will be twice the link tolls for cars as the value of time for HGVs was double that of cars. Whilst this gives the user class split on the two links as shown in the table, and will minimise the total network cost, there might be a case for maintaining the flow split at the SSO on aggregate but relaxing the individual flow components of the split. For instance instead of charging HGVs twice the toll that is levied upon a car, there might be political justification to charge a higher multiple, or to fix the toll level for a car and produce an SSO flow pattern by re-routing the HGVs.  

Table 2 shows the effect of minimal revenue tolling for both user classes, but redistributing the toll cost, so that the car toll is varying in fixed increments and the HGV toll is adjusted to ensure that the SSO aggregate flow pattern in table 1 is maintained.




[INSERT TABLE 2 HERE]
As may be seen from table 2, the main justification for pursuing a toll strategy that heavily penalised HGVs with respect to cars would be to price them off a certain link. In the 2-link example, by the time the car toll had been reduced to 3.3, an excessively high toll would be required to essentially remove all HGV traffic from link 1 if the desired SSO flow pattern was still to be replicated by the tolls.

While the SSO flow pattern minimised perceived total network travel cost (PTNTC), it does not minimise ‘actual’ TNTC, which occurs at the flow pattern created at the deterministic SO solution. Table 3 below shows data for the 2-link network where minimal-revenue tolls have been placed on link 1 only for both HGV and cars to replicate the ‘true’ SO under MUCSUE. 




[INSERT TABLE 3 HERE]
It can be seen from table 3 that the true SO does indeed give a lower value of TNTC, but at the expense of a required revenue to achieve that flow pattern which is about 2.5 times the revenue required to produce the stochastic system optimal flow pattern. Using Min-Rev tolls though to achieve the SO will give optimal re-routing benefit and is still less expensive to the users than marginal social cost pricing.

4.1. Tolling Exempt and Non-Exempt Vehicles

In the case where a certain proportion of vehicles are exempt from paying a toll, then the user class (or classes) which are being charged must bear the deficit and pay ‘more than their fair share’ of the toll costs if network optimality (either SO or SSO) is to be achieved.

In this case the link cost functions will be the same for each user class, the only difference in the second user class is that it is to be toll exempt (exempt = (e)).  If equations 9-11 are revisited then we find:

The probability of assigning flow to path 1 under logit SUE is:
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Where for simplicity the single toll difference T = t1 – t2 may be determined for the tolled user class (P = the proportion of exempt vehicles).  After n iterations (when convergence is assumed to have occurred), the flow on path 1 may be expressed as;
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Again for either of the desired flow patterns (SSO or SO) the link flows are easily determined for both the aggregate link flow and the individual user class flows.  Thus assuming x1 is known, a unique toll difference Tc may be determined.  

Table 4 below shows some comparative data when ( = 0.1 and P = 0.1, and figures 2 and 3 show comparative graphs of the toll that would be required to be placed on link one to create SSO or SO flow patterns as ( and P both vary. 




[INSERT TABLE 4 HERE]
It can be seen from table 4, that as in the case of cars and HGVs a larger total toll revenue is required to be extracted to produce the SO flow pattern (TNTC minimised).  The SSO flow pattern doesn’t give the best network optimality, but comes at a greatly reduced cost which must be imposed upon the users.  

It may be observed from the graphs that the tolls required to produce an SO flow pattern are roughly about twice as large as those required to produce an SSO flow pattern, from table 4 for ( = 0.1 and P = 0.1 the reduction in TNTC in attempting to achieve the SO rather than the SSO is only about 1% and probably not worth it.  If in any situation it is desired to attempt to produce the maximum network benefit from re-routing, care must be taken when tolling to attempt to replicate the SO as whilst on some occasions with some networks it can be worthwhile, in others, such as the above example it is demonstrably not. 

It has been shown however that whatever the desired flow pattern it seems feasible to still obtain an optimised network with respect to re-routing, without needing to impose tolls on 100% of the traffic.  If the minority were to be tolled and bear all the cost and the majority to be exempt, then as in the HGV and Car example previously, it would not generally be possible to achieve this.  Whilst the tolled traffic is the strong majority, it is feasible to still create optimal re-routings. 




[INSERT FIGURE 2 HERE]



[INSERT FIGURE 3 HERE]
This paper has used a 2-link network rather than a more general network for ease of illustration.  It is possible to extend the algebraic formulation to calculate sets of path-tolls differences in a similar manner, but owing to issues discussed more generally in Stewart and Maher (2006) it would be more sensible to calculate suitable link-tolls heuristically by extending the heuristic derived to do this in the single user class case (ibid).  

5. Summary

This paper has discussed and illustrated some issues surrounding tolling when not every user class is to be tolled separately.  The theoretical economics solution of applying MSCP tolls which forces users to pay for their full external costs are easy to calculate under MUCSUE when MUCSSO is the desired flow pattern.  An objective function for MUCSSO, which follows naturally from previous work has been presented.

It is possible in the MUC case (as in the single user class case) to find other tolls than the MSCP-tolls which still produce the MUCSSO.  In the illustrative 2-link example it was easy to derive minimal-revenue toll sets from MSCP-toll sets, but this is less trivial to do for a general network and will generally require either path-enumeration, mathematical programming or a heuristic method.  The feasibility of deriving toll sets to replicate the SO under MUCSUE was also established in the 2-link case.  It could be observed that whilst min-rev tolls to replicate the SO were more expensive to the users than those to replicate the SSO, that they were still less expensive than the MSCP-tolls.

The case of one user class being toll exempt rather than having a different generalised cost function was then considered.  Again it was feasible to create valid optimising toll sets (for both SO and SSO) in this small example, but further work will need to be completed on more general networks. 

Lastly it is clear that imposing tolls on a network, will directly affect demand as well as being able to influence route choice. Elastic Demand (ED) may be readily included in stochastic equilibrium models (Maher and Hughes, 1997), and in the SSO case, MSCP tolls may be derived by using marginal cost functions in an SUEED algorithm. Recent work (Stewart 2006) has extended the objective function for SSO to SSOED where elastic demand is included.  It has also been shown that in the deterministic case with elastic demand, that all tolls (that would produce SOED under UEED) generate the same toll revenue, where SOED represents economic benefit maximisation  (Hearn and Yildirim, 2002), and this result extends to tolling to achieve SSOED under SUEED.  It is however possible to reduce the toll revenue required, if the condition for economic maximisation is relaxed, and a sub-optimal value of network demand may be permitted. Stewart and Maher (2005) present the case for seeking particular optimal flow solutions (for certain demand values) under SUEED with reduced revenue toll sets being applied. 

It is of interest to allow for both MUCs and ED, and  future work will combine the above results to present an objective function for MUCSSOED as an extension to that for MUCSUEED (Maher and Zhang, 2000), and will further discuss the options for reduced revenue tolls to create MUCSSO solutions under MUCSUEED for particular values of demand.  The possibility of allowing for zero tolled user classes will again be discussed.  
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	SSO
	xic
	xih
	xi
	tcmscp
	thmscp
	tcmin-rev
	thmin-rev

	1
	355.4
	29.9
	385.3
	7.71
	15.41
	4.63
	9.27

	2
	544.5
	70.1
	614.7
	3.07
	6.14
	0
	0

	Revenue
	
	
	
	4412
	892
	1646
	277

	Total Rev
	
	
	
	5304
	1923


Table 1: SSO flows and associated MSCP and Min-Rev link tolls:  TNTC = 19728

	t1cfixed
	t1hmin-rev
	xic
	xih
	xi
	Rev
	TNTC

	4.63
	9.27
	355.4
	29.9
	385.3
	1923
	19728

	4.5
	10.8
	358.4
	26.8
	385.3
	1902
	19729

	4
	17.1
	369.1
	16.4
	385.3
	1756
	19734

	3.5
	29.6
	379.9
	5.43
	385.3
	1491
	19738

	3.3
	48.9
	384.3
	1.0
	385.3
	1317
	19739


Table 2: MUC link tolls for HGV and cars to maintain SSO aggregate flow pattern.
	SO
	xic
	xih
	xi
	tcmin-rev
	thmin-rev

	1
	283
	17
	300
	10.27
	20.85

	2
	617
	83
	700
	0
	0

	Revenue
	
	
	
	2913
	355

	Total Rev
	
	
	
	3268


Table 3: SO flows and associated Min-Rev link tolls:  TNTC = 19557

	
	t1cmin-rev
	x1c
	x1e
	x1
	Rev
	TNTC

	SSO
	5.29
	339.1
	50.6
	389.7
	1794
	17951

	SO
	12.4
	244.0
	56.0
	300
	3025
	17750


Table 4: SSO and SO flows and associated Min-Rev link tolls:  
Figure 1: 2-link network

Figure 2: SSO: Min Rev tolls on link 1

Figure 3: SO: Min Rev tolls on link 1
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