Modeling Geometric Connectivity in Vehicular Ad Hoc Networks
Satish Ukkusuri, Ph.D.

Assistant Professor, Blitman Career Development Chair 
Rensselaer Polytechnic Institute

Troy, New York, United States of America, ukkuss@rpi.edu

Lili Du

Ph.D. Candidate

Rensselaer Polytechnic Institute

Troy, New York, United States of America, dul@rpi.edu

Gitakrishnan Ramadurai
Ph.D. Candidate

Rensselaer Polytechnic Institute

Troy, New York, United States of America, ramadg@rpi.edu

Submitted for publication in WCTR Conference Proceedings
 April 2006
Abstract

Vehicular ad hoc networks (VANETs) have the potential to disseminate traveler information to drivers efficiently. In this paper, we are interested in developing analytical expressions for geometric connectivity of VANETs.  The connectivity of VANETs is derived based on approved traffic flow distributions, the density of the network and the optimal number of reachable neighbors. In addition, node mobility is accounted for by assuming probabilistic disturbance events that instantaneously break the connection between nodes. Insights on the connectivity relationship with the reachable neighbors are also provided. Our results confirm earlier simulation results in the literature.  The proposed model can provide approximate VANET connectivity results even for very large size networks.
1 Introduction

In the last few years there has been substantial activity in the transportation research community to model and evaluate advanced traveler information systems (ATIS). These systems are generally believed to be efficient in alleviating congestion and enhancing the performance of traffic networks. Most of the current ATIS approaches use centralized approaches for information gathering, dissemination and route choice equilibrium models. In the near future, it is easy to imagine decentralized or semi-decentralized systems where vehicles equipped with commodity devices (such as PDA based cell phones) collect, exchange and react to real time information on travel speed data, traffic conditions (incidents) and roadside conditions.   
A critical component in such decentralized systems is the communication network. The vehicles are mobile and the topology of the network varies dynamically. Broadly, such networks are categorized as mobile ad-hoc networks (MANETs). However, a growing interest in the design of these systems as well as four fundamental distinguishing characteristics between vehicular communication networks and MANETs has spurred a new research area in vehicular ad hoc networks (VANETs). The four distinguishing characteristics between VANETs and MANETs are: First, vehicles in VANET have movement restricted to the predetermined traffic network. This constrains the mobility of a vehicular ad hoc network to a one dimensional network as compared to two dimensional wireless networks [9, 10]. Second, typical distributional assumptions of node distances are not applicable for VANETs; instead, these are based on empirical traffic science observations where the distance between consecutive vehicles is modeled as exponential, shift exponential or Erlang distribution [3], [4], [5], [6], [7]. Third, the mobility of the nodes is affected by the traffic density, which is determined by the road capacity and underlying driver behavior [13]. The speed of the vehicles and different types of driver behavior influence the performance of VANETs significantly. Lastly, the connectivity of the network is influenced by factors such as environmental conditions, distance between vehicles and vehicle mobility which are interdependent. These distinguishing characteristics result in several fundamental differences between MANETs and VANETs. For example, a one-hop connection in VANET is weak as compared to other mobile ad hoc networks and this creates a significant challenge to maintain a stable connection between vehicles for information exchange [1], [2]. Extensive work is necessary to characterize the connectivity of VANET accounting for these factors.

The main objective of this paper is to investigate the geometric connectivity of VANETs, which is defined as the pair to pair connectivity at a time instant in terms of the number of reachable neighbors for each vehicle. This study derives analytical expressions for connectivity assuming reasonable traffic flow relationships for vehicle headways and speeds. Further, since the broadcast radius and traffic density are closely related to the number of neighbors for each vehicle, this study also explores analytical expressions to adaptively adjust the broadcast range to meet the required connectivity under different traffic conditions. 

The second goal of the study arises from the need to build a stable connected vehicle ad hoc network accounting for node mobility.  An immediate problem which should be addressed is to select an optimal broadcast range to maximize connectivity. However, there is no optimal broadcast radius for all traffic situations since it adaptively changes based on the traffic conditions. The bridge between broadcast range and the network connectivity is the number of reachable neighbors for each vehicle. It directly determines the connectivity and stability of the network. Therefore, we initially focus on the relationship between connectivity of VANET and the number of reachable neighbors. Using empirical traffic flow observations for the distribution of vehicles on a single road, closed form analytical expressions between the broadcast range and the number of neighbors are derived. Once the above two relationships are derived, we determine the broadcast range to keep required connectivity under different traffic conditions.

To achieve these objectives, we assume that vehicles are mobile agents that communicate with one another when an opportunity exists. Each vehicle broadcasts or receives message independently. Vehicle mobility is modeled using simplified assumptions of vehicle interactions including situations where vehicles increase/decrease speed and exit the roadway. The input parameters and relationships between parameters used in this paper are shown in Figure 1. In this problem, the traffic flow parameters such as traffic density, instrumented vehicle proportion and the vehicle-space headway distribution are the input for the decision process. The main interactions between the different parameters are shown in the dotted lines in Figure 1. The output is the optimal broadcast range and the connectivity of the vehicle network. Our analytical result shows the node mobility degrades the VANET’s connectivity at time instant. In order to maintain same level of connectivity, more reachable neighbors for each vehicle are required.
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Figure 1: Decision Process for VANET Connectivity

1.1 Related work
VANETs can be considered examples of 1-dimensional wireless networks; connectivity in 1-dimensional wireless ad hoc network has been discussed by previous researchers such as [8], [10], [11]. Piret [8] assumed the nodes are distributed as Poisson process with density 
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 over a line of length 
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 and that each node only communicates with its nearest neighbor. They reported that the network is asymptotically connected as the length of network goes to infinity if the broadcast range
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, where k is a coefficient. Desai and Manjunath [10] proposed an exact formula for the connectivity probability of one dimensional wireless networks but their formula only fits the model where the nodes are uniformly distributed in [0, z]. Their method is strongly based on the geometric characteristics of the model. Santi and Blough [11] assumed that n mobile nodes are uniformly distributed on the line with length l during a time interval [0, T]. The simulation model where 
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 is used to find the minimum transmission range r such that the corresponding network is connected during certain fraction of the interval. Their result showed that as the connected fraction during the time interval is reduced from 100% to 90%, r is reduced greatly (30 - 40% smaller) independent of the network size. The present study considers an exponential (or Erlang) distribution of space headway in VANET, based on empirical traffic studies [5], [6], [7], instead of uniform distribution. Further, multi-hop connections are allowed extending past studies that consider only single-hops.

Literature focusing on VANET connectivity is limited. Artimy et al. study the factors affecting the connectivity of VANET and maintaining a stable-connected VANET by simulation in a series of papers [12], [13], [14]. In [12], Artimy et al. built a two-stage simulation model to test how vehicle density, relative velocity and number of lanes affect the connectivity of VANET, where the traffic is at free flow, each vehicle has a fixed broadcast range, and the connection is randomly built at the beginning and updated based on the new position of vehicles during the simulation. Their simulation results showed that increasing traffic density improves connectivity, but once the density is greater than certain threshold, the connectivity declines because of traffic congestion; the connectivity of the road with one lane is more sensitive to vehicle velocity than multi-lane roadway and the probability distribution of active connection lifetime can be approximated by a power law function. In [13], Artimy et al. reported that the road restriction and vehicle density greatly affect connectivity and in order to maintain node connectivity in VANET, a large static transmission range is required. Thus, they expect that a dynamic transmission range will provide better solution. Finally, in [14], they provided a relationship that allows vehicles to estimate the local density and then plug the local density to a vehicle broadcast range assignment algorithm. The simulation result shows the algorithm maintains the connectivity successfully in dynamic network condition. Most of the work on VANET connectivity focuses on simulation models, which are computationally intensive on large networks. Analytical studies such as the one proposed here however provide a theoretical foundation and clear insights into VANET connectivity which could potentially be used for large networks.
1.2 Present study’s contributions
The main contributions of the present work are:

1. Closed form analytical expressions to determine the VANET connectivity are derived under different distributions of traffic space headway.

2. Analytical formula that adaptively determines the transmission range for different traffic conditions are derived.

In addition, although our model is static the dynamic nature of the VANET is approximated using disturbance factors which disconnect the VANET due to high mobility of the nodes. The analytical result in this study validates and provides significant insights on some of the simulation findings in the literature [11], [12]. The above contributions distinguish our work with the previous efforts in literature.

The rest of this paper is organized as follows: section 2 defines the network model used in this paper. Section 3 describes our methodology and our main results. Section 4 summarizes the conclusions and identifies future work. 

2 Network Model

Network Topology: Though the vehicle broadcast radius is much larger than the width of roadways, the movement of vehicles is limited to the road, and, therefore cross transmission is ignored. The vehicle network on a single road is defined as One Dimensional Vehicle Ad hoc Network (ODVANET). That is to say, vehicles on a road can be regarded as nodes on a straight line. The nodes are distributed as a Poisson process with density 
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 and the space headway obeys exponential distribution. This assumption is consistent with empirical observation in traffic science [3], [4], [5]. Other related distribution such as Erlang will also be used in this work to model vehicle arrivals. Each node can transmit within a limited radius so that on an average Kc neighbors are covered (initially, it is assumed that the broadcast range is unlimited). A node i is reachable by node j if i is in the broadcast range of j. Messages can be sent forward or backward by nodes but at a certain time t each node can only send messages in one direction. The topology of our network is shown in Figure 2.
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Figure 2: Kc-hops one dimensional vehicle ad hoc network

Information Exchange Mechanism: Each node transmits or receives messages as a source or destination to all reachable nodes independently and there is no cooperation between nodes. At each time instant t, each node transmits messages according to a Bernoulli process with probability
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. At any time t, a node can either transmit or receive messages but not both. If two or more messages are sent to the same node at the same time instant, it will result in message collisions thus the transmission is failed [1].

Information exchanged: The information exchanged between vehicles corresponds to online travel time estimates, information related to vehicle velocity, position, direction and the road traffic data including traffic density, average speed and travel time. Other information types that could potentially aid safety and comfort features are possible but are not considered in the present model. In addition, each node is assumed to have sufficient capacity to store the relayed information from other nodes; capacity restriction related to transmissions is ignored.

Disturbance Events: Due to the high mobility of vehicles and the uncertain traffic environment, the network will be disconnected at different points in time and space. This changes the VANET topology and influences the network connectivity. To model this node mobility we involve the disturbance events to represent the negative influence of vehicle mobility and traffic environment on the connectivity. Disturbance is defined as any situation that instantaneously breaks the connection between two vehicles (nodes). For example,

· A node increases or decreases its speed suddenly;

· A node takes an exit and leaves the road.

· Obstacles prevent connection.

This method helps us analyze the dynamic network connection by using a static methodology. Although, the actual vehicle to vehicle interaction is quite complex the simplified analysis of vehicle mobility will provide clear insights on the VANET connectivity. It is assumed that the influence of a disturbance is uniform on all vehicles within the influence area. For a road, the probability of disturbance is constant unless the traffic situation, such as traffic density and traffic environment are changed.

2.1 Optimal Broadcast Radius

First, we derive the optimal radius of broadcast. Using the model assumptions mentioned above and based on the empirical traffic observation [3], [4], [5], we assume the space headway follows exponential distribution. Then the probability that exactly K c vehicles are reachable by a vehicle is given by
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To find the optimal 
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 which maximize L if certain Kc is selected, set
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Solving Equation (3), we get 
[image: image14.png]



Substituting for r by r* in Equation (1), the maximum value of probability is
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Similar results are derived when the headways follow Erlang distributions. These results are briefly shown in appendix. Several observations arise from analyzing Equation (2) and (4):

· From Equation (4), the reader may note that if the value of Kc is fixed then the maximum probability that a vehicle covers exactly Kc neighbors is fixed. It is independent of the general traffic density (
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) and the instrumented vehicle penetration rate (
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. It is only related to the value of Kc and the space headway distribution. This is because the optimal 
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 changes, one could always find its corresponding optimal  
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 which will counteract the variation of
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. Thus, the max L does not change. Figure 3 is based on Equation (2), which shows this conclusion more clearly.

· The maximum probabilities to maintain exactly Kc neighbors (
[image: image24.wmf]max
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) are low for all Kc‘s. For example, in case Kc = 2, the maximum probability that a vehicle will cover two neighbors with optimal broadcast radius is only 0.27067. Additionally, as Kc increases the maximum probability decreases. Therefore, choosing an optimal broadcast is impossible to get exactly Kc neighbors with high probability given headway obeys exponential distribution. Figure 4 shows these observations.
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Figure 3: Maximum probability that exact Kc vehicles are covered with different 
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 and r

· When r = r*, the probability that at least Kc, Kc + 1, 2Kc reachable neighbors for each vehicle could be calculated by the function:
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The calculation results in Figure 5 show the probability that each vehicle has at least Kc or Kc+1 neighbors is near 0.5, which is relatively high, but the probability that more than 2Kc reachable neighbors are less than 0.3 when the given r* covers more than  two reachable neighbors on the average (Kc>2). Thus, for a given r*, only the cases where the number of the reachable neighbors are 0,...,2Kc should be considered. It is reasonable to ignore the situation that more than 2Kc neighbors are reachable to individual vehicle.
3 Methodology to Measure the Geometric Connectivity of VANET 
In this section, we provide a closed form analytical expression to calculate the connectivity probability of ODVANET. Moreover, the lower bound of the reachable neighbors to maintain the required connectivity under different traffic condition will be discussed. Finally several propositions are abstracted from the analytical expression and asymptotic results are presented.
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Figure 4: Maximum probability covering exact Kc neighbors given fixed r
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Figure 5: Compare the probability that there are at least Kc, Kc + 1 and 2Kc 

reachable neighbors when 
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3.1 Connectivity Calculation

The necessary events and symbols are defined below:

· 
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: The average number of neighbors for each vehicle. 
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· 
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: The event that there are exactly k neighbors covered by each vehicle with given broadcast radius. 
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could be calculated by Equation (2);

· 
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: The disturbance events due to the mobility of nodes.  We assume that this happens to node i so that the ith neighbor of a node can not communicate with the node (for example, the ith neighbor exits the road, etc.), 
[image: image37.wmf]d

D

p

i

=

)

(

. For a road with fixed length
[image: image38.wmf]0

),

1

(

³

µ

h

h

n

d

, since as the nodes increases, the traffic density increases thus the mobility of vehicle decreases and the probability of disturbance decreases.

· Node j is connected with node i if and only if node i is in the broadcast range of node j and also there is no event Di at node i.

The method used to calculate geometric connectivity of ODVANET is based on the following proposition: 
Proposition: For a one dimensional network, the network is connected if and only if each node of the network connects to at least one of its forward nodes (except the last node).
Based on this proposition, the probability a node connects to the network (see Figure 2) is non-zero if and only if the node is connected to at least one of its reachable neighbors. However, calculating this probability is non-trivial; hence we consider its complementary event (i.e. the node does not connect to the network). This event is equal to the union of the events that node j    covers exactly K,  = 0…
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 neighbors but Dk happens to all neighbors simultaneously. As we already discussed in Section 2, when 
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, the probability that individual vehicle covers more than 2Kc neighbors is very small, thus, we only need to count the cases that node j has 0, 1, 2,...,Kc, Kc+1, Kc+2,… 2Kc neighbors and ignore the rest. Furthermore, these events are mutually exclusive to each other. Therefore, pj is given by:
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Now, assuming each node in the ODVANET is connected to the network independently, we obtain the probability that the ODVANET is connected as
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Finally, substituting pk we get the analytical formula to calculate the connectivity of

VANET:
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3.2 Discussion

In Equation (8), the only determining variable is the reachable neighbors Kc. Thus, if certain connectivity is required, then the necessary Kc can be found. As we already know,
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 then the corresponding optimal broadcast range is determined under certain traffic density. Therefore, Equation (8) and the equation
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 together can be used as a decision rule to adaptively adjust the broadcast range under different traffic densities. Also from Equation (8), the reader would note that as Kc increases, Pc increases. This is consistent with our intuition: the more the reachable neighbors, the higher is the network connectivity. Assuming the disturbance events has low probability (d = 0 to  0.5) the connectivity of network with nodes from 20 to 300 under different values of reachable neighbors can be calculated using Equation (8), and are plotted in Figure 6. The plot shows two characteristics:

1. The improvement of the connectivity in terms of Kc will be flat after a certain value of Kc. Since in this study the number of reachable neighbors of individual vehicles is equal to the product of the broadcast radius and the traffic density. Fixing the broadcast radius to a constant, such as the maximum broadcast radius, the changes of traffic density is consistent to the change of reachable neighbors. Therefore, Figure 6 also presents the interaction between traffic density and network connectivity. This result is consistent with previous simulation findings in [12], where the traffic simulation is set for a one-way highway section of 7.5km and the transmission range is fixed at 250m.
2. Network connectivity is very sensitive to Kc when the network connectivity is low, but not when the connectivity is near to 1. In the same way, if the traffic density is fixed, then change of the reachable neighbors actually presents the change of the broadcast range. Thus, the observation here can also work for the relationship between broadcast range and the connectivity. Paper [11] obtained a similar result from their simulation model, where the simulator distributes n nodes in [0, l] in two dimensional and all mobile nodes have the same transmitting range.
A further study on our closed form Equation (8) will help us get insight about these findings. In the limiting case, there are n neighbors covered by a vehicle, and then the following derivation for Equation (8) holds: 
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Let the lower bound of 
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 and transform Equation (9), we can get
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Taking the derivative of Equation (10) with respect to
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and,
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Obviously,
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. The above analysis results explain the phenomena found by simulation in [11], [12].
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Figure 6: The connectivity of ODVANET when r = r_, d = 0.05

Finally, Equation (8) is consistent with the intuition that the network connectivity deteriorates with increase in number of disturbance events.

4 Conclusion and future work

This paper discusses the connectivity of VANETs on a single highway link. The nodes are assumed to be distributed as a Poisson process and the distances between any two consecutive nodes are modeled by exponential distribution. The probability of maintaining a connection between any node pair is used to measure the connectivity. Disturbance events are introduced in this paper to model the negative effect of the vehicle mobility on VANET connectivity. This method helps us to approximate the dynamic network connection using a static model.

An analytical expression to characterize the connectivity of Vehicle Ad Hoc Networks on single road is derived. The expression together with the function of reachable neighbors in terms of traffic density and broadcast range gives us a scheme to adaptively choose broadcast under different traffic density. In addition, the expression gives insights into the relationships between reachable neighbors and network connectivity, which are similar to simulation findings in [11], [12].

This paper is a part of our ongoing efforts in the area of VANET connectivity problem. One future work is to explore the asymptotic connectivity condition, which will report the connectivity condition as the scale of the network increases. Another future goal is to expand the work presented here by capturing vehicle interactions which will influence the node mobility. The relationship between the probability of disturbance and the node mobility as well as the interaction between network connectivity and node relative speeds is on going work.

References

[1] Blum JJ, Eskandarian A, Hoffman LJ. Challenges of intervehicle ad hoc networks. IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS 5 (4), 347-351, DEC 2004.

[2] Marc Torrent-Moreno, Moritz Killat, Hannes Hartenstein. The Challenges of Robust Inter-Vehicle Communications. Vehicular Technology Conference, 09-2005, Dallas, Texas, USA.

[3] Schonhof M, Kesting A, Treiber M, Helbing D. Coupled vehicle and information flows: Message transport on a dynamic vehicle network. PHYSICA A-STATISTICAL MECHANICS AND ITS APPLICATIONS 363 (1): 73-81 APR 15 2006.

[4] Saito H Performance analysis of combined vehicular communication. IEICE TRANSACTIONS ON COMMUNICATIONS E89B (5): 1486-1494 MAY 2006.

[5] Honghong Liu, Xinyue Wang, Zhaosheng Yang.The Simulation of TrafficFlow at Signal Intersection by using Object-Oriented Database Models..

[6] Sadayuki Tsugawa and Shin Kat0. Evaluation of Incident Information Transmission on High-ways over Inter-Vehicle Communications. 2003 IEEE

[7] V. Thamizh Arasan1, Reebu Zachariah Koshy.Methodology for Modeling Highly Heterogeneous TrafficFlow J. Transp. Engrg., Volume 131, Issue 7, 544-551,July 2005.

[8] Philipe Piret. On The Connectivity of Radio Networks. IEEE Transactions on Information Theory, Vol. 37, NO. 5, September 1991
[9] Feng Xue, P.R. Kumar. The number of Neighbors Needed for Connectivity of Wireless Network. Wireless Networks 10, 169-181, 2004.

[10] Madhav Desai, D.Manjunath. On The Connectivity in Finite Ad Hoc Networks. IEEE Communications Letter, Vol. 6, NO. 10, October 2002

[11] Paolo Santi, Douglas M.Blough. An Evaluation of Connecitivity in Mobile Wireless Ad Hoc Networks. Proceedings of the International COnference on Dependable System and Networks, 2002.
[12] Maen M. Artimy,William Robertson, William J. Phillips. Connectivity in Inter-Vehicle Ad Hoc Network. CCECE 2004-CCGEI 2004, Niagara Falls, USA, May, 2004.
[13] Maen M. Artimy, William J. Phillips, William Robertson. Connectivity with Static Transmission Range in Vehicular Ad Hoc Networks. Proceedings of the 3rd Annual Com-munication Networks and Services Research Conference, 2005.
[14] Maen M. Artimy, William Robertson, William J. Phillips. Assignment of Dynamic Transmission Range Based on Estimation of Vehicle Density. VANET’05, Cologne, Germany, September 2, 2005.
[15] Piyush Gupta and P.R. Kumar. Critical Power for Asymptotic Connectivity in Wireless Networks. IEEE 36th Conference on Decision and Control, San Diego, pp.2375-2380, 1997.

[16] Madhav Desai, D. Manjunath. On the Connectivity in Finite Ad Hoc Network. IEEE Communication Letter, Vol. 6, NO.10, October 2002.

Appendix
When space Headway Obeys Erlang Distribution, the probability that exact K neighbors are covered by individual vehicles is not dependent on traffic density. Other than that, the probability is low and decreases as K increases. 

Proof. The probability that exact K neighbors are covered by a vehicle is recalculated by:
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In order to maximum L in term of r,
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Equation (13) shows that the maximum probability that exact K neighbors are covered by a vehicle with optimal broadcast range still does not dependent on
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Figure 7 shows the maximum probabilities for all K > 1 are very low. Thus, under the Erlang distribution, we still get the conclusion that there is not an optimal r so that exact K neighbors are covered with high probability.
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Figure 7: Maximum Probabilities covering K neighbors given fixed r and space headway obeys

Erlang  distribution.
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